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Environmental fluctuations can shape replicator dynamics, with important consequences for both
prebiotic and modern ecosystems. However, it remains unclear how simple replicators can acquire
and use information about fluctuating environments, given that such information processing is often
assumed to require sophisticated mechanisms for sensing and control. Here, we show that even
simple replicator networks can increase productivity by exploiting environmental information in a
functional way. Using a model of autocatalytic replicators in a flow reactor, we derive an information-
theoretic decomposition of productivity, with separate contributions from environmental uncertainty,
side information, and distribution mismatch. We derive optimal strategies and universal bounds on the
benefit of information and compare our findings with existing work, including “Kelly gambling” in
information theory. By applying our framework to a model of real-world molecular replicators, we
demonstrate the benefits of internal memory and propose an experimental setup for detecting

functional information in a minimal chemical system.

In the presence of environmental fluctuations, organisms acquire and use
information about their environments in order to maintain and propagate
themselves. In this sense, living systems are strikingly different from most
nonliving systems, which may exhibit statistical correlations with their
environments but do not use such correlations for functional purposes. The
ability to use information in a functional manner has been termed
‘semantic’ ™, ‘meaningful”’®, and ‘functional information™" in the litera-
ture. Simply put, functional information refers to statistical correlations that
are necessary for a system to achieve functional outcomes"".

Until now, functional information has been mostly considered in the
context of modern organisms, which have sophisticated genetic*'' and
sensory' ' systems for acquiring and processing information. However, it
is possible that functional information was already present in minimal
prebiotic replicators'’, given that environmental fluctuations (dry/wet
cycles, seasons, diurnal oscillations, etc.) are thought to play a key role in the
origin of life'”"*.

To study functional information in minimal replicators, one may
consider replicator dynamics in a flow reactor. This is a standard theoretical
setting for investigating various kinds of systems, ranging from self-
replicating molecules”™ to microbial communities”"'. Moreover, such
flow setups are now being experimentally realized by chemists studying the
origin of life and synthetic self-replication® .

In this paper, we investigate the relationship between environmental
fluctuations and information in minimal replicators. Our general setup is

motivated by the example shown in Fig. 1. There is a population of repli-
cators in a flow setup that can, under certain conditions, copy themselves
from reactants and undergo exchange reactions, which convert between
replicator types. The replicators are treated as simple self-replicating entities,
and we do not assume they support combinatorial information storage (as
in polymers). The replicators are exposed to a fluctuating environment,
including active phases during which they grow and compete. A natural
metric of interest is productivity, the average rate at which replicators flow
out of the reactor.

We demonstrate that, in fluctuating environments, even simple
replicators can increase productivity by exploiting information about the
environment. In particular, we derive a general expression for productivity
that has contributions from three information-theoretic terms, reflecting in
turn: (i) uncertainty about the current environment, (ii) benefit of side
information that helps predict the environment, and (iii) mismatch between
the actual and the optimal initial replicator proportions at the beginning of
the active phases. The last term is the only contribution that depends on the
initial replicator proportions, which we refer to as the strategy (see Fig. 1).
We identify the optimal strategy, i.e., the initial proportions that minimize
mismatch (and thus maximize productivity) given the statistics of envir-
onmental fluctuations. Perhaps surprisingly, we find that optimal strategies
are biased toward slower-growing replicators, reflecting a ‘head start’ that
compensates for the longer time they need to reach high productivity in a
favorable environment. After deriving our general theoretical results, we
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Fig. 1 | An example scenario that motivates our analysis. A reaction volume (e.g.,
pond) contains a network of replicators (e.g., orange and green circles), which may
be minimal autocatalytic molecules or more complex organisms. During active
phases (a, ¢), the system is open to flow and reaches a nonequilibrium steady state,
while during inactive phases (b, d), the system is closed and replicator concentra-
tions partially equilibrate. During activity (open phases), the replicators are also
exposed to a fluctuating environment, e.g., days with different light intensities such
as strong light (a) or weak light (c). The replicators reproduce with different rates,
which may depend on the state of the environment (light intensity), and they also
undergo exchange reactions (dashed arrows). We focus on productivity, the amount
of replicators per unit time that flows out of the system during active phases. As we

show, productivity depends on the replicator concentrations at the beginning of each
active phase, which may in turn depend on the kinetics of the exchange reactions that
partially equilibrate the system during inactive phases. In this sense, the exchange
reactions implement a strategy for dealing with environmental uncertainty. We
show that productivity has an intuitive information-theoretic expression, reflecting
contributions from overall uncertainty about the environmental state (weak or
strong light), side information provided by internal memory, and mismatch between
environmental statistics and the strategy implemented by the exchange reactions.
We also connect this scheme to Kelly gambling, where inactive phases and active
phases correspond to betting and gambling stages, respectively.

apply them to a real-world system: the photocatalytic replicators developed
by Otto and collaborators™. Similar to the scheme shown in Fig. 1, this
system is exposed to active cycles of weak and strong light as well as inactive
phases, during which the replicator concentrations (partially) equilibrate
due to exchange reactions. The inactive phases allow the system to establish
a strategy for exploiting active phases, while possibly maintaining an
internal memory. In temporally-correlated environments, this internal
memory of past environments can serve as a source of side information that
increases productivity. In the setting of this minimal replicator system, we
suggest an experimental setup for detecting signatures of functional infor-
mation (information leading to increased productivity).

Results

Theoretical results

In this section, we derive our general information-theoretic expressions for
productivity. These results concern replicator dynamics and productivity in
an open flow reactor, for instance as might occur during the active phases (a)
and (c) illustrated in Fig. 1. For convenience, a summary of relevant para-
meters and variables can be found in Table 1.

Setup. We consider a well-mixed continuous-flow reactor with a dilution
rate ¢ containing n replicator species, indicated as x; for i € {1, ..., n}
below. Species may represent either biological organisms (e.g., microbes)
or abiotic chemical compounds (e.g., self-replicating molecules), though
we typically imagine the latter. The reactor is also supplied with reactant
species, indicated as a below, a necessary resource for replication, which
flows into the reactor at mass concentration y.

Each replicator copies itself via an autocatalytic reaction from reac-
tants. Specifically, the concentration of replicator i at time ¢ evolves as

66 = a0~ 40). m

The term #,a(f)x(f) represents autocatalysis of the replicator, given reactant
concentration a(f) and rate constant #;. The term ¢x(f) represents outflow
of the replicator from the reactor. We work with mass concentrations (mass
per volume) throughout, so our kinetic equations represent transport of
mass, not counts. The reactant concentration evolves as

d
Ea(t) = up — Z n,a(t)x,(t) — pa(t). @)

The term p¢ represents the inflow of reactant from the external source,
>_na(t)x{f) represents consumption of reactant by the replicators, and ¢a(t)

Table 1| Summary of parameters and variables for our general
theoretical results

Parameter Symbol Units
Inflow concentration of reactant u (¢}
Dilution rate (inverse residencetime) ¢ T!
Temporal duration T T
Replication rate of species i ni c'T!
Fraction of time reactor is open a -
Variable

Reactant concentration inside a C
reactor

Replicator concentration of X; C
species i

Total replicator concentration X (¢}
Total solute concentration S C
Productivity P CT!
Productivity bound with side P cT!
information

Productivity bound with no side- 2y CcT
information

Environment outcome 3 -
Initial preparation outcome y —

Units notation: C for mass concentration (mass per volume), T for time, — for dimensionless.
Throughout the text, steady-state values are indicated by a superscript star *. Values of 1, ¢ for
environment ¢ are indicated with subscripts as 7, ¢..

represents reactant outflow. Note that the reactor volume stays constant, so
that the same volume enters and leaves the system per unit time. For this
reason, we use the same dilution rate ¢ for both inflow in Eq. (2) and outflow
terms in Egs. (1) and (2).

We assume that replication is first-order in reactant concentration a(t).
First-order kinetics of this kind have been observed in chemical replicators'
and they are consistent with standard models of biological growth (e.g.,
Monod model) at low reactant concentrations [*, p. 43]. In addition, we do
not include exchange reactions between different replicators in Eq. (1)
because we assume that, during active periods of replication, exchange
reactions are much slower than autocatalytic growth. This does not preclude
exchange reactions from becoming relevant during inactive periods, when
the reactor is closed to inflows and outflows.

We define two useful quantities: the total replicator concentration,
X(#):= >_x(t), and the total solute concentration S(t):= X(t) + a(t). Adding

Communications Physics| (2026)9:120


www.nature.com/commsphys

https://doi.org/10.1038/s42005-026-02527-5

Article

up Egs. (1)-(2) gives the dynamics of total solute concentration as

d
Eﬁ0=¢@—ﬂm, (€)
which is solved by:

S(t) = S(0)e™# 4+ u(1 — e~ ). 4)

Steady-state concentrations are indicated as a” and x* for the reactant and
replicators, and X" and S for the totals. In the generic case without neutrality
(all #; are different), only one replicator can be present in steady state. Given
that our system involves only a single reactant, this result corresponds to the
well-known principle of ‘competitive exclusion’ in ecology™. Ifall replicators
are present in the initial population, the one remaining replicator in steady
state is

r= argrinax n;- (5)

In the following, we refer to the replicator species r as the ‘winner’. The
steady-state concentrations are given by

S=u (6)

w=x=u-? %

n,

as long as x¥ >0 (no washout). To avoid washout, we assume that the
parameters satisfy y > ¢/#,. This condition states that the dilution rate is
slower than the maximum possible growth rate of the fittest species.

Productivity. Suppose that the chemical system evolves over a time
interval t € [0, 7] from initial condition x(0) = (x;(0), ..., x,,(0)), a(0). Our
main quantity of interest is productivity, defined as:

1 T
P .=;/0 ¢X (1) dt. 8)

Productivity is the time-averaged rate with which replicators flow out of the
reactor, in units of mass concentration per time. In the motivating example
shown in Fig. 1, productivity represents the rate at which replicators wash
out of the pond during the active phases. Since these replicators may
potentially ‘infect’ other ponds, productivity can be imagined as a measure
of fitness for replicators spreading between flow reactors.

In the long-time limit 7 — oo, productivity converges to its steady-state
value,

P =p(u-2). ©

The assumption that y > a* guarantees that P* > 0. To make things con-
crete, Fig. 2 shows productivity over time for a simple system with two
replicators. As replicator concentrations change, productivity approaches its
steady-state value in the long-time limit.

In what follows, we study how productivity P depends on the initial
concentrations x(0) and a(0). To do so, let us consider the winning replicator
r. Dividing both sides of Eq. (1) by x,(f) > 0 and integrating over ¢ € [0, 7]
leads to

0.7
e L L L LV
0.6 —
.
2051 3
=z =3
I3 =3
L =.
g 0.4 3
A~ — Actual (P(7)) Q.
0.3 = = Steady-state (P*) U%
Initial (P(0)) @
0.2 Y
0 1 2 3 1 5 6

Time (7)

Fig. 2 | Productivity over time. Our result in Eq. (12) is illustrated on a system of two
replicators, with productivity defined in Eq. (8) as time-averaged outflow of repli-
cators. Black curve is the actual productivity up to time 7, orange dashed line is the
initial productivity, and blue dashed line is the steady-state (long-time limit) pro-
ductivity. Red arrows indicate productivity change from initial to steady-state values.
Parameters: 7, = 2, 11, = 3, 4 = 1, ¢ = 1; initial concentrations: a(0) = 0.8, x;(0)
=0.04, x,(0) = 0.16 (5(0) = §" = ). For parameter definitions and units, see Table 1.

Since a(t) = S(f) — X() by definition of (),

/Ora(t)dtz/ofs(t)dt—ép,

where we used Eq. (8). We integrate using Eq. (4) and rearrange to obtain

(11)

—QT
P=P+ ﬂ(sm) _sy O (12)
T Tﬂr xT(T)
where P* is the steady-state productivity from Eq. (9).

Expression (12) shows that the productivity equals the steady-state
productivity plus two correction terms. The first correction term in Eq. (12)
simply says that productivity increases in proportion to the excess initial
solute S(0) — S’ (i.e., the excess initial mass of replicator and reactants).

The last correction term in Eq. (12) depends on the concentration
change of the winner between the initial and final times, and it is a bit more
subtle. It implies that actual productivity is lower than P* (the steady-state
productivity) when the winner’s concentration increases, x,(7) > x,(0).
Intuitively, this means that replication events that increase the concentra-
tion x, within the reactor do not contribute to productivity (i.e., outflow).
Conversely, actual productivity is larger than P* when x,(1) < x,(0),
reflecting excess initial concentration of the winner that flows out as pro-
ductivity, without having to be created by replication.

In Fig. 2, we provide a simple example of a system with two replicators. In
this figure, the first correction term is zero because we set S(0) = S for
illustrative purposes; the second correction term is negative and leads to a gap
between the steady-state productivity (blue dashed line) and the actual pro-
ductivity (black curve). As we will see below, in cases where environmental
fluctuations and internal relaxation have similar timescales, the contribution
from this second term may have significant effects on long-term productivity.

It will be useful to introduce two natural simplifying assumptions. First,
we assume that the initial solute concentration is approximately equal to its
steady-state value:

x,(7) /
In =7, | a(t)dt— ¢t1. (10)
%0~ "), SOy~ S =u. (13)
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This assumption is valid for systems previously exposed to many active
periods with the same dilution rate, possibly interspersed with closed per-
iods (note that the amount of solute does not change when the reactor is
closed), allowing the solute concentration to stabilize (see Fig. 1). Second, we
assume that the temporal duration 7 is long enough so that the system
approaches steady state,

x(1) ~ x; = X*. (14)
Combining these assumptions with Eq. (12) gives
e $ %0
P="P +mrln O (15)

Importantly, while the time interval is taken to be sufficiently long so that the
system reaches its steady-state value, there may still be a significant
difference between the actual productivity P and the steady-state
productivity P*, as quantified by the second term in Eq. (15).

The difference between P and P* depends on the initial replicator
concentrations. It can be further decomposed into two contributions: one
due to the relative amount of each replicator, and one due to the total
amount of all replicators. We quantify the former using the initial dis-
tribution g, i.e., the normalized fraction of concentration (proportion of
replicator mass) belonging to each replicator species i:

x%,(0)
%= X0 (16)
Finally, we rewrite Eq. (15) using this distribution as
e ® X(0)
P="P +T'1, Ing, +1n ralk (17)

The term In[X(0)/X*] represents the productivity cost of increasing the
mass of all replicators within the reactor (rather than flowing out), and it
does not distinguish between different replicators. The replicator-specific
term In g, represents the cost of having too little initial concentration on the
winning replicator that eventually dominates the system. The meaning of
the multiplicative factor ¢/7#, is discussed at the end of the following section.
Eq. (17) serves as the basis of much of our analysis below.

Fluctuating environments. We now imagine that our system interacts
with a fluctuating environment, represented by the discrete random variable
E. Each state of the environment, €, occurs with probability p, = p(E =€), and
it determines the replication rates {r;},.;, . This reflects the fact that
different environments may favor different replicator species. In fact, the
environment determines the winning replicator — i.e., the species with the
highest replication rate, which we indicate as r(¢) — and the steady-state
concentrations a} and X?. For example, in terms of the scenario illustrated in
Fig. 1, days with strong (a) vs. weak (c) light correspond to two different
environments, which may favor different replicators (orange vs. green). As a
matter of convention, we do not treat inactive phases without flow (such as
the closed periods in Fig. 1b, d) as environments.

In principle, the dilution rate ¢, and temporal duration 7, may also
depend on the environment. Although we typically consider environments
with the same dilution and duration (¢ = ¢ and 7, = 7 for all ¢), one can
generally imagine varying environmental durations (e.g., shorter vs. longer
seasons, etc.) and flow rates. The fraction of time spent in environment ¢ is
given by p, 7, /7, where we introduce the average temporal duration

T:= Zpers.

(18)

The environment cannot immediately affect the system’s initial con-
centration vector x(0) = (x;(0), ..., x,(0)) at t = 0. However, we suppose that

initial concentrations may depend on another discrete random variable Y,
which we refer to as the preparation. The preparation may represent any
external variable (e.g., time of day, physical location of the reactor, previous
interactions, etc.) that is correlated with the initial concentrations. For
instance, in the scenario shown in Fig. 1, Y could represent the sequence of
past environments, since these may have an effect on the initial con-
centrations in the current environment. As another example, Y could
represent different choices of initial concentrations imposed by a scientist in
a laboratory setting. We write the initial concentrations given preparation
Y = y as x,(0]y), and similarly for total concentration, X(0]y) = >-x:(0[y).

The relative (normalized) initial concentration defines a conditional
probability distribution:

o x;(0ly)
By "= X (o) °

(19)

In the following, we use the term strategy to refer to the conditional dis-
tribution q defined in Eq. (19). This terminology is inspired by literature on
Kelly gambling, where ‘strategy’ refers to the fractions of a finite resource
(e.g., wealth or replicator concentration) allocated to different stochastic
outcomes. In general, the strategy is determined by a number of parameters,
which can either be intrinsic to the system or controlled by an external
experimentalist.

As an example, consider the scheme of Fig. 1. Here, the strategy is
implemented by the exchange reactions, which re-balance replicator con-
centrations during the inactive phases and thus determine replicator con-
centrations at the beginning of the active phases. The kinetics of the
exchange reactions may depend on various factors (e.g., temperature of the
pond, presence of catalysts, etc.), implying that different ponds may
implement different strategies. Furthermore, in that example, if the inactive
time is short enough so that the system does not reach complete equilibrium,
then the previous environment (either weak or strong light) may influence
the initial concentrations in the current active phase. In this case, the pre-
paration Y could simply represent the state of the previous environment.
This gives rise to an intrinsic memory about preceding active rounds that is
encoded in the distribution g. We will return to this point below in our
Application to a real-world system.

We use gy, to indicate the relative initial concentration assigned to
the winner in environment ¢ given preparation y. Following Eq. (17), under
environment ¢ and preparation y, the productivity is given by:

X(0ly) .

. 9
Pe,y = Ps +—"—|In qr(s)\y + th

20
Teqr(s) ( )

In this expression, P; = ¢.xy, is the steady-state productivity in
environment ¢, where we applied Eq. (9). We emphasize that this result
holds at finite but sufficiently long durations 7,, so that the system has time
to approach the steady state.

The probability of observing environment ¢ and preparation y is
governed by the joint distribution p, . In addition, we also allow the pos-
sibility of inactive periods where the reactor is closed (¢ = 0) and therefore
there is no production; for instance, in the scenario shown in Fig. 1, this
corresponds to the closed phases (b) and (d). We make no assumptions
about the chemical reactions that occur during the inactive phases, only that
the reactor is closed. In principle, it is even possible that some autocatalytic
reactions continue during the inactive phases (this phenomenon occurs in
the real-world photocatalytic system we consider below).

The parameter « € [0, 1] indicates the fraction of time that the reactor is
open. Combining, average productivity is given by

[0
(P)= %;pg,yTsPS,y . (21)

We note that (P) quantifies time-averaged productivity. For this reason,
environments are weighted by their temporal duration 7, in Eq. (21), since
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the system spends more time in long-lived environments. (For more details,
see Methods.) We are interested in how much the expected productivity
deviates from the expected steady-state productivity that would be reached
in the limit of infinitely long environments (7, — oo for all environments),

(P*) = %EPJJ’Z‘ : (22)

The difference between (P) and (P*) quantifies the overall cost of envir-
onmental fluctuations. Combining the above and rearranging leads to an
expression of the expected productivity, our main theoretical result (see
Methods for a step-by-step derivation):

(P) = (P*) =y — QC, ,(RIY). (23)
In this expression, we have introduced the constant
o ¢ Xz
== e £ In £ s
yi== ;p Y X0l (24)

and the joint distribution, 7 y, for winner replicator R and preparation Y,

ﬂr,y ::é Z P (pe

b
er(e)=r ’17(8)

(25)

with the normalization constant

0= % pte

r o er(e)=r rIV(S)

(26)

The quantity C,,(R|Y) is known as the ‘conditional cross-entropy’ in
information theory,

CoyRIY)==> "7, ]ngq,,. 27)
r’y

The term y is an additive constant that does not depend on the strategy g. As
seen in Eq. (24), this constant depends on the ratio of the total replicator
concentration in steady state, X7, versus in the beginning of the active phase,
X(0]y). A positive y implies a decrease in productivity (i.e., decreased outflow
of replicators) due to newly created replicators building up inside the
reactor, rather than flowing out. Conversely, a negative y implies an increase
in productivity due to existing replicators flowing out of the reactor, without
having to be newly created.

The cross-entropy term C,, 4(R|Y) is an information-theoretic measure
that can be understood as a measure of conditional uncertainty about
environmental outcomes. It is the only term that depends on the strategy q.
As we will see in the next subsection, the joint distribution 7 specifies the
optimal strategy that maximizes productivity among all possible g.

Finally, the normalization constant Q in Eq. (26) multiplies the
information-theoretic term, acting as an ‘effective temperature’ that con-
verts between dimensionless informational quantities (in nats) and pro-
ductivity (in units of concentration per time). To understand its physical
meaning, observe that  is the average of terms like ¢, /77,,. For each
environment ¢, the dilution rate ¢. determines how fast concentrations
within the reactor flow out as productivity. The denominator 7, is
proportional to the number of doublings of the fittest replicator during
average duration 7. Thus, the contribution from the information term — the
one that depends on the strategy g — is greater when dilution rates are high,
and also when winning replicators are slow (fewer doublings). This reflects
the fact that slower replicators are less able to recover from sub-optimal
initial conditions, therefore the choice of the wrong strategy will have a
greater cost in terms of lost productivity.

Information decomposition and the optimal strategy. In this section,
we use information-theoretic techniques to derive a closed-form
expression for the optimal strategy. Specifically, we find the g that
achieves the highest productivity averaged across all environments, (P)
from Eq. (21). We also calculate the maximum average productivity
achieved by this strategy.

To proceed, we note that the cross-entropy in Eq. (23) is a nonnegative
measure of information-theoretic uncertainty. It can be decomposed into a
sum of three contributions:

CrgRIY) = H,(R) — L(R; Y) + D(yyy || dgyy)- (28)
The first term is the Shannon entropy of the identity of the winning repli-
cator R under distribution 7,

H_(R)=— Z mInm,. (29)

It quantifies the average uncertainty about R, given environmental fluc-
tuations. In our results, it captures the productivity cost of eliminating this
uncertainty by learning’ the identity of the winner. The second contribution
is (minus) the mutual information between the winner R and the pre-
paration Y under distribution 7,

. _ _ Trly
I.(R;Y)=H,(R)— H,(R]Y) = Zy: ﬂm,lnﬂ—r ) (30)

It quantifies the reduction in uncertainty about the winner R provided by the
initial preparation Y. In our results, it captures the productivity benefit
provided by the side information in the initial preparation. The third term is
the Kullback-Leibler (KL) divergence between the actual strategy ggjy and
the conditional distribution 71y,

T[T
D(T[R|Y II qR‘Y) = Z ﬂ,ﬁyln e
ry q’b’

€2
This nonnegative quantity reflects the distribution mismatch between the
actual strategy and the optimal strategy specified by 7. Due to this mismatch,
productivity may be low even when the initial preparation provides a large
amount of side information. In simple terms, the system’s initial con-
centration may carry a great deal of information about the environment, but
the system’s dynamics may not be able to exploit this information to
increase productivity.

Only the third KL term in Eq. (28) depends on the initial distribution g,
and it reaches its minimum value of zero when the strategy gy matches the
conditional distribution 7tz|y. Thus, /gy represents the optimal strategy that
maximizes productivity. However, in a setting where g can only be
manipulated by a limited set of control parameters, the optimal strategy 7 is
not always achievable. In our Application to a real-world system, we provide
an example in which the optimal strategy 7 is not achievable in general.

We note that the optimal strategy 7,., in Eq. (25) has a contribution
from p,, the frequency of environments and preparations. This recalls the
proportional betting strategy, known to be optimal in Kelly’s operational
approach to information theory**’. However, we note that, in our setting,
the optimal strategy is also biased towards replicators that are slower
(smaller #,(,)) and/or undergo higher dilution rates (larger ¢.). This bias
toward slower replicators may appear counterintuitive at first. To unpack
this, observe that when a slow replicator begins with alow concentration ina
favorable environment, it takes a longer time to catch up to the steady-state
productivity than a fast replicator, and thus it incurs a bigger loss of pro-
ductivity (the gap shown in Fig. 2). Therefore, to avoid incurring this loss
when presented with environments which favor slow replicators, the opti-
mal strategy gives these replicators a ‘head start’.
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Information-theoretic productivity bounds. We may derive two useful
bounds on the average productivity. First, from the nonnegativity of KL
divergence, we have the inequality

(P)<(P*) —y — QUH,R) — LR, Y)] =: 2, (32)
This bound is achieved by the optimal strategy, therefore Eq. (32) can be
understood as the unavoidable cost of uncertainty due to environmental
fluctuations. Furthermore, since H,(R) — L(R; Y) = H,(R|Y) = 0, we can also
derive the weaker inequality

(P)<(P") — y. (33)

This bound is achieved by the optimal strategy under the additional
assumption of perfect side information, in essence when the initial pre-
paration places all replicator mass on the correct replicator.

At the other extreme, we may consider the case where the preparation
provides no side information about the environment, I,(R; Y) = 0; for
example, this occurs if the system always starts with the same initial con-
centrations. In this case, Eq. (32) becomes

(P)<(P*) —y - QH,(R) =: 2, (34)
This bound is achieved by the optimal strategy without side information, 7.

It is interesting to compare the optimal bounds with and without side
information, 2 from Eq. (32) versus #, from Eq. (34). The difference
between these two bounds is

P—P,=QIL(RY). (35)
Here, I(R; Y) emerges as the natural operational measure of the benefit of
side information for replicator systems. Eq. (35) is universal, in the sense that
— apart from its dependence on the scaling factor Q) — it does not depend

on any other chemical properties of the system, such as the steady-state
productivity or the constant y.

Application to a real-world system

In this section, we propose a connection between our previous information-
theoretic findings and empirically measurable quantities in a plausible real-
world experimental setup. Drawing inspiration from recent work in pre-
biotic chemistry'*", we study photocatalytic molecular self-replicators in a
flow reactor, which provide a realistic implementation of the scenario illu-
strated in Fig. 1. Here, we also show in concrete terms how an autonomous
system can implement a strategy and maintain an internal memory that

serves as a source of side information.

System and fluctuating environment. In Ref. 40, the authors demon-
strated two self-replicating species of complex synthetic molecules
(termed 16 and 1) representing hexameric and trimeric macrocycles that
self-assemble from a monomer species (termed 1). These macrocycles
spontaneously stack to form respective fibers that catalyze their own
production. Furthermore, by binding these replicators to photosensitive
co-factors, the authors showed that these fibers enhance self-replication
in response to different light stimuli. Under the right chemical condi-
tions, replicator 14 wins in a weakly lit environment, and 13 wins in a
strongly lit one. When the system is placed in dark conditions, auto-
catalysis occurs only for the hexamer 1¢ and at a smaller rate than with
light. In addition to autocatalysis, there are also slower reactions that
exchange matter between the two polymer populations. For details of the
reaction scheme, see Fig. 3a and Table 2.

We model this system as n = 2 replicator species in a well-mixed
reactor. We indicate the mass concentrations of 1, 14 and 13 as a, xg, X3,
respectively, and use X = x¢ + x5 to indicate the total concentration of
replicators. The reactor is coupled to an external cycle that turns light and
flow on and off, which we denote as active and inactive phases, respectively.
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Fig. 3 | Simulated photocatalytic replicator system. a Schematic of simplified
reaction network, where w and s indicate replication in weak and strong light
environments, respectively (see Table 2). b Experimental setup, including flow
reactor fed by reservoir of monomers 1 at concentration y. During active phases
(weak w or strong s light environments), the reservoir feeds the reactor with rate ¢.
During inactive phase ( ¥ ), light is switched off and the flow is stopped, allowing the
system to establish a ‘bet’ for the next active environment. Productivity P is
quantified by measuring replicator concentration X(t) at the outlet. ¢ Typical con-
centration trajectories for monomer 1 and two replicators (1 and 13), given cycles of
inactive phases (white regions of length 7;) and randomly-chosen active environ-
ments (shaded regions of length 7, with respective shaded colors green and orange
for weak and strong light). The timescale of the inactive phase is longer, but it is
rescaled for illustrative purposes. Parameters used: S(0) = S = y, = 2, ¢ = 5, 74 = 20,
7;=2x10% x=10"*(giving A = 2) and b = 0.75. See Table 2 for parameter definitions
and values of autocatalytic rates for 15 and 15 under different light conditions.

d Productivity (P, black curve) over time from Eq. (8) and the steady-state pro-
ductivity ({(P*), gray dotted line) from Eq. (39).

Each active (open) phase has a duration 74, during which the system
approaches a nonequilibrium steady state. During this time, the reactor is
coupled to a reservoir containing reactant 1 at concentration g, while inflow/
outflow occurs with dilution rate ¢. In addition, the system is exposed to an
environment with either weak light (indicated as w), which favors replicator
16, or strong light (indicated as s), which favors replicator 15. Each active
phase is followed by an inactive phase of duration 7; (indicated as ).
During this time, the flow is closed off, light is removed (dark condition),
and the system tends to (but does not necessarily reach) thermodynamic
equilibrium. In this sense, our system alternates between two modes of
control which have been previously termed *kinetic’ (nonequilibrium) and
‘thermodynamic’ (equilibrium), see Ref. 47. Our basic setup is illustrated in
Fig. 3b. The dynamics of the reactant and the two replicators during the
active and inactive phases are described in more detail below, and are shown
for illustration in Fig. 3c.

Importantly, the weak (w) or strong (s) environments can exhibit
temporal correlations. For simplicity, we assume that the stochastic process
over environments is stationary and first-order Markovian, and we use p,,
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Table 2 | Summary of parameters and experimental values for
photocatalytic replicator model

Parameter Symbol Units
Duration of active phases (activetime) 14 T
Duration of inactive phases T T
(inactive time)

Dimensionless inactive A =
timescale (A = k1))

Exchange rate constant for 1s=13 K T
Bias in favor of hexamer 15 in b —

exchange reaction

Active/open phases (g € {w, s}) Inactive/closed phases

e
141516 + 16

M3e
1413515+ 1, 1416 25 16+ 1

7% 1and1,15,1; 5 &

15571, and 1,21,
Experimental values Symbol Value(s) Units
Autocatalytic rates in Ne,w 2.88 c'T!
weak light

Naw 0.00 cT
Autocatalytic rates in Ne,s 10.2 c'T!
strong light

Nas 11.2 c'T!
Autocatalytic rates in 16,5 1.76 C'T!
inactivity

g 0.00 cT
Exchange rate K 5.107-107° T

constant (range)

Parameters used for model of photocatalytic replicators. T for units of time. Middle: Simplified
reaction network for replicators 1 (replicator index i = 6) and 13 (replicator index i = 3), which self-
assemble from reactant 1 (monomers). Active environments with weak (w) or strong (s) light
conditions lead to self-replication of 1¢ or 13, respectively. During activity, 1 flows into the system
and all molecules outflow at the same rate. During the inactive phase, the system is closed off and
only 1 can self-replicate. Exchange reactions (bottom row) occur throughout and at a slow rate.
Bottom: Summary of experimental values for autocatalytic and exchange rates extracted from**%,

to indicate the conditional probability that a previous environment
e_ € {w, s} is followed by the next environment ¢ € {w, s} (always with an
inactive phase in between). We use p, to indicate the steady-state distribu-
tion of this Markov chain, which we assume has full support. We use
Pee =Py P to indicate the steady-state joint probability of environ-
ment e_ € {w, s} followed by environment ¢ € {w, s}. Therefore, we say that
the environment random variable E has two outcomes {w, s}, which occur
with respective probabilities {p,, ps}. Note that the inactive phase is not
treated as an environment since it does not contribute to outflow.

As we will see below, the environment during the previous active phase
may influence the initial condition of the current active phase. For this
reason, the previous environment ¢_ € {w, s} can serve as a source of side
information Y. For notational convenience, we use the random variable
E_ = Ytorefer to the previous active environment. It also has two outcomes
{w, s}, which co-occur with the current environment E according to the joint
probability p, , .

We consider environments with different kinds of temporal correla-
tions between ¢ and ¢_, as quantified by the sign of the correlation coefficient
(see Methods)

C::pw,w_pwpw:ps‘s_psps (36)
We say that environments are (positively) correlated when ¢ > 0, uncorre-
lated when ¢ = 0, and anticorrelated when ¢ < 0. In simple terms, the active

condition (weak or strong) tends to repeat in correlated environments and
to alternate in anticorrelated environments.

The production of replicators is tracked by measuring the outflow of
both 14 and 15 at the outlet of the reactor. Since the reactor remains closed
during inactivity, only active phases contribute to productivity. However,
inactive phases allow the system to (partially) reset its state, thus setting up
the initial condition for the subsequent active phase. As we will see below,
the parameters of the exchange reactions (which still occur during inactive
phases) affect the initial conditions of the subsequent active phase, thus
implementing the system’s strategy . We will classify the optimal strategies
depending on whether the environments are correlated or anticorrelated.

Borrowing terminology from Kelly’s original work"": our inactive phase
isinterpreted as the ‘betting’ stage, in which the system autonomously sets its
strategy by preparing the initial condition for the next active round. Our
active phase is akin to the ‘gambling’ stage, in which the system evolves
towards the steady state dominated by the corresponding winner in the
environment (light) state.

Reactions and dynamics. We describe the chemical reaction network
introduced in ref. 40 by a coarse-grained set of reactions summarized in
Table 2 middle. The system has autocatalytic reactions that depend on the
light intensity, whether dark (no light), weak, or strong. During open
(active) phases, the system undergoes inflow/outflow and is exposed to an
environment ¢ with either weak w or strong s light. During closed
(inactive) phases, it is placed in the dark. Throughout, the system
experiences slow exchange reactions (last row in the middle Table 2),
which effectively re-balance the concentrations of the two replicators.

The experiments in ref. 40 used a flow reactor with residence time
16.7 h and inflow reactant concentration 0.5 mM. Without loss of gen-
erality, below we measure time and mass concentration as multiples of these
values. For reasons discussed below, in our model, we use a somewhat higher
inflow reactant concentration 1 mM (¢ = 2 in our units) and shorter resi-
dence time 3.34h = 16.7 h/5 (¢ = 5 in our units).

For the autocatalytic rate constants {#s ., %3 .} with € € {w, s}, we use the
growth rates reported in Figure 35 of the Supplemental Material in ref. 40. At
0.2 mM initial monomer concentration, 1¢ replicators grew = 7% over one
hour in weak light and = 27% over one hour in strong light, while 15
replicators grew = 30% over one hour in strong light and did not grow in
weak light. In addition, Liu et al. reported that replicator 15 undergoes slow
autocatalysis under dark conditions (), corresponding to a nonzero
autocatalytic rate constant 7, ; >0""". All autocatalytic rate constants are
given in Table 2 bottom. Note that we converted percentage increases r to
per-capita growth rate ¢ via ¢ = In(1 + r/100), divided by the stated
monomer concentration to get the rate constants #, and expressed them in
the units of time and concentration introduced above. From these rate
constants, we observe that the winning replicators (R) and the environments
(E) are in a one-to-one relation: 1¢ wins when ¢ = w and 13 wins when ¢ =s.
This implies that the two random variables are equivalent, i.e., R = E.

Next, we discuss exchange reactions. We emphasize that our analysis
requires only that the concentrations of different replicators undergo partial
equilibration during the inactive phase, and it does not depend on the
precise mechanism through which this occurs. In practice, we suppose that
1; converts into 1¢ at a rate of bk and 1¢ converts into 13 at a rate of (1 — b)x,
where b € [0, 1] is the bias in favor of replicator 1¢ and « > 0 is the exchange
rate constant. These reactions represent effective exchange due to various
mechanisms, including degradation and formation, cross-catalysis, and
disulfide exchange. In principle, these reactions also affect the active phases,
but their influence is negligible so long as they occur at much lower rates
than autocatalysis. This rate constant may be controlled through various
methods, such as varying the reduction agents in solution (such as TCEP)
and/or stirring. We explore a range of exchange rate constants x from
5x 107" to 107 (in the units described above). For the bias parameter, we do
not select one particular value, but rather explore a range of bias values
b e [0, 1]. The bias toward 1¢ or 15 can be controlled through oxidation level
(see Fig. 3a in ref. 40).
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To allow slow exchange reactions to (partially) equilibrate concentrations
during inactivity, we usually assume that the inactive timescale is much longer
than the active one (77 > 74). This can be imagined as periodic bursts of
activity followed by long relaxation (inactive) periods. It is useful to char-
acterize the inactive phase by a dimensionless inactive timescale defined as:

A= KT). (37)
In simple terms, A is the number of exchange events during the inactive
phase per replicator.

We select 74 =20 as the duration of the active phase, which ensures that
the system approaches steady state within each active phase. This implies
that, at the end of any active phase, all the remaining dependence on the
previous history is erased. Hence, the subsequent inactive phase will only
depend on the previous active environment ¢_. The duration of the inactive
phase is chosen as 7; =2 x 10*

We comment on a few differences between the parameter values we use in
our analysis and those reported in Ref. 40. As mentioned above, we use a shorter
residence time (3.34 h versus 16.7 h, corresponding to ¢ = 5 versus ¢ = 1). This is
done to more clearly show numerical productivity differences that arise from
the choice of strategy (observe that in the limit of long residence times, the
choice of strategy matters less and less). We also increase the monomer inflow
concentration (1 mM versus 0.5 mM, corresponding to y = 2 versus y = 1) to
avoid washout at the higher dilution rates. In addition, our exchange rate
constants are likely slower than the real-world ones. In particular, experimental
data from closed reactors (Figs. 36 and 37 in the Supplemental Material of
ref. 40) suggest an exchange timescale of roughly 5-15 days, which would
correspond to € [0.05, 0.14] (in our units). However, for such large exchange
rates, exchange reactions begin to interfere with replicator dynamics during the
active phases. Our analysis assumes that it is possible to increase the timescale
separation between replication and exchange reactions during the active phases.

In the Methods section, we compute replicator concentrations at the
end of an inactive phase, expressing them as a function of {b, A} and the
previous environment ¢_. These concentrations serve as the initial condi-
tions of the subsequent active phases, and their relative proportions deter-
mine the strategy g, see Eq. (19). As discussed above, e_ enters in g as a
variable that contains side information about the environmental fluctua-
tions. In other words, the strategy is characterized by gy, , which itselfis a
function of {b, A}. The timescale A regulates how much the strategy captures
about the previous active environment. For small A, the vector qp  is highly
dependent on the preceding environment E_; for larger A, gz becomes
independent of E_. In this way, A controls the degree of memory that the
system retains about the preceding environment. We note that the amount
of memory in the system is separate from environmental correlations, as
quantified by the coefficient ¢ from Eq. (36).

The connection between the strategy and side information ¢_ can also
be interpreted as an intrinsic first-order memory of the system. The memory
is first-order because it only depends on the last environment, being reset by
the end of every active phase (for a visual example, see Fig. 3c). As shown
below, in some cases, such a memory mechanism can be exploited to
increase productivity. In the limit of A — oo, equilibrium is reached within
every inactive phase. In this limit, internal memory of e _ is effectively erased
during each inactive phase, and thus can no longer be exploited. Then, we
say that the strategy does not make use of any side information.

Productivity and information. We now calculate the average pro-
ductivity for the photocatalytic replicator system. Recall from the last
subsection that, due to incomplete relaxation during the inactive phase,
the identity of the previous environment ¢ € {w, s} can serve as side
information for the current environment ¢ € {w, s}. We then compute the
average productivity as

Ta
<P> = ?;Pe‘e, Ps,f, ’ (38)

where we used Eq. (21) along with T = 7, (from Eq. (18)) and & = 74/T (the
fraction of time the reactor is open). The average steady-state productivity is
given by

(P) =22 (p.Pi+ 2., (39)

where P} are obtained following the procedure discussed in the Methods. In
Fig. 3d, productivity P(7) is obtained using Eq. (8) (black curve) and
compared to Eq. (39) (dotted line).

Following the expressions given in Egs. (23), (25)-(26) and (28), for this
setup we have:

(P) = (P") —y— QC, (RIE_) (40)
¢ Pec X'
_? 2
y TZ e "X, 0 (41)

Here, X 5 (0) = X(0|y) indicates the total concentration at the end of the
inactive phase, and it is well-approximated by X (0) ~ u (see Methods).
We also have the decomposition of the cross-entropy,
Crg(RIEL) = Hy(R) — (R E_) + Dlnge. | qgs ). (42)
The mutual information term I(R; E_) vanishes when ¢ = 0 (uncorrelated
environments) and it is strictly positive whenever ¢ # 0 (correlated and

anticorrelated environments). Finally, following Eq. (25), and using
a/T = 1/T, we derive our optimal distribution 7 as

- N ipw,s, - _ ips,s, 4
oo QT ’16,w PR QT ’735 ’ ( 3)
for y = e_ € {w, s} and normalization constant
a=0(Pu P} (44)
T ’76,w ’73,5

Maximizing productivity. As shown in Eq. (32), productivity is max-
imized when the strategy gz ; matches the distribution 7y, , at which
point (P) = 2. However, in practice, one cannot always make qp ;-
equal to g simply by varying the accessible control parameters chosen
for this numerical experiment, namely {b, A}. Nonetheless, we can solve
for the best achievable strategy given our set of controls. To do so, we
explore how productivity varies with exchange bias b and inactive
dimensionless timescale A.

There are two different ways of varying A. For instance, one could keep
« fixed and change 75, the duration of the inactive phase. However, this
affects the value of the cycle period T and thus the average productivity in
Eq. (38). In our example, we vary A by rescaling the overall exchange rate ,
while keeping 17 fixed. In practice, this could be accomplished by changing
the temperature of the reactor, adding catalysts, etc.

In the Methods section, we derive the best achievable strategy by
expressing Qrip_ 3sa function of {b, A}, and then finding the values that
minimize C, o(R|Y). It turns out that the best achievable strategy depends on
whether the environments are correlated, uncorrelated, or anticorrelated.

In Fig. 4, we show numerical results for normalized time-averaged
productivity (P)/Q (in dimensionless units) against the inactive timescale
A. Colored curves correspond to different bias values b. To explore corre-
lated, uncorrelated, and anticorrelated environments, we generate envir-
onments using a Markovian process with different transition probabilities
between consecutive environments and fixed marginals, p,, = 0.65 =1 — p.
Numerical values of productivity are obtained by averaging over many
simulations.
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Fig. 4 | Information and productivity in simulated photocatalytic replicator
system. We show normalized average productivity (P)/Q as a function of two
control parameters: A (dimensionless inactive timescale from Eq. (37); horizontal
axis) and b (bias in favor of replicator 14 due to exchange reactions). Curves are
colored according to the bias b, see colorbar on the right. Subplots (a), (b) and (c)
correspond to temporally correlated (c = 0.175), uncorrelated (¢ = 0) and antic-
orrelated (¢ = —0.1225) environments, respectively. The black curve in (a) uses
optimal bias b= 0.92, obtained from Eq. (45), and in (b) and (c) uses the no-side-
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information bias %_,oo = 0.88, obtained from Eq. (46). Blue lines: productivity
bounds 2 from Eq. (32) with side information about previous environment E_. Gray
lines: productivity bound 2, from Eq. (34) without side information. For correlated
environments (a), the best achievable strategy has a finite optimal timescale 1 We
verify our analytical approximation of 1 from Eq. (45) (vertical dashed line) against
the optimum found by numerics. We also verify Eq. (35): the increase in the pro-
ductivity bound is proportional to mutual information provided by side
information.

For correlated environments (¢ > 0, Fig. 4a), the best achievable strategy
has the following bias and inactive timescale:

E%n(,‘s—e(l — 73, 3 <

1-6
, A~ In
7T6\s+7r3|w_9

— (45)
1- ﬂé\s - HS\W

where we introduced 6:= ¢/(u#; ;) for notational simplicity. The derivation is
provided in the Methods section. There, we also show that 7z + 773),, < 1
when ¢ > 0, thus A is well-defined. Under this strategy, productivity
approaches the side information bound # from Eq. (32).

For uncorrelated (c = 0, Fig. 4b) and anticorrelated (¢ < 0, Fig. 4c)
systems, the best inactive timescale divergesas A — o0. In this limit, the best
bias is given by

by oo = T, + Tl = Tl - (46)
We observe that memory decreases productivity in uncorrelated and
anticorrelated environments, therefore productivity is highest when the
inactive timescale is long enough to erase all memory. This result appears
counterintuitive at first, since in principle one can imagine a system that uses
memory to increase productivity in anticorrelated environments. However,
exploiting anticorrelations would generally require the inactive phase to
implement an ‘inverter’. This is not possible in this particular model, because
the inactive phase dynamics are effectively one-dimensional, and such
dynamics cannot implement an inverter (see Methods). Nonetheless, in
more complex chemical networks, it is possible to overcome this limitation
and exploit anticorrelations to increase productivity.

From the information-theoretical perspective, consider the bounds
derived in Eq. (32-34). First, we note that productivity for all environments
(Fig. 4a, b, ¢) remains below the side-information bound 2 (blue line). At
large A, all environments maximize productivity at 2. This is because, as
discussed above, when A — o all memory of the environmental fluctuations
is erased from the initial concentrations, and the three scenarios become
equivalent. On the other hand, at low values of A, the system has little time to
re-balance during inactivity, and there is not enough time to erase the
memory of the previous environment, which hinders productivity in the
cases of uncorrelated and anticorrelated environments. Although smaller,
this effect is also present in correlated environments when A<, in which
case the system does not erase enough memory.

However, in correlated environments, productivity exceeds the no-
side-information bound 2, (gray line) at intermediate values of . Here, the
maximum productivity is non-monotonic and peaks at the predicted values
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Fig. 5 | Heat map of normalized productivity difference AP/ Q. The colorbar shows
the values of AP/Q = (max, (P) — 2,)/ for different values of A (dimensionless
inactive timescale) and ¢ (correlation coefficient). Straight, dashed, and dot-dashed blue
lines respectively correspond to subplots (a), (b) and (c) in Fig. 4. Black dashed line indicates
the values of the best achievable inactive timescale 1 as a function of the coefficient c.

of {Z, I} while reaching the side-information bound 2. Hence, the gap
exhibited between this peak and the large-A regime approximates the dif-
ference 2 — 2, = QI (R;E_). After normalization, this corresponds
exactly to the mutual information between R and E_. Recall that, in our
example, R = E, thus L(R; E_) = L(E; E_) = 0.13 (nats) is the mutual
information between consecutive environment states. This gap quantifies
the amount of information about the environment that the system can
potentially use to maximize productivity, and serves as an empirical sig-
nature of functional information in this chemical system.

In contrast, for uncorrelated environments, we observe that the two
bounds coincide 2 = Z,,. This is because when ¢ = 0 there is no side
information, I,(R; E_) = 0. Finally, in anticorrelated environments, despite
having L(R; E_) > 0, the system remains constrained by the no-side-
information bound, which is a phenomenon particular to this case study, as
discussed above.

Finally, Fig. 5 is a heatmap that visualizes how productivity depends on
the environmental correlations ¢ and inactive timescale A. Here, we plot the
(normalized) difference AP/ Q) between the maximum productivity max; (P)
achievable at each value of (A, c), and the no-side-information bound #,,. The
bound Z,, provides a useful baseline, since it can always be reached in the limit
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of long inactive time (A — oo). Similarly to Fig, 4, the values of AP/Q in Fig. 5
quantify the informational contributions to productivity. They demonstrate
an interesting interplay between environmental and internal memory. When
there is internal memory (small A, left side), AP/Q) increases with environ-
mental correlations (top), which can be exploited by the system, and decreases
with environmental anticorrelations (bottom), for which memory only hurts
productivity. Without internal memory (large A, right side), the amount and
structure of environmental correlations do not matter and APP/Q vanishes.
We also observe that the optimal timescale A increases as ¢ — 0 from above,
finally diverging to A — oo for ¢ < 0.

Discussion

In this paper, we established a connection between information and pro-
ductivity in simple replicator systems exposed to fluctuating environments.
In particular, we showed that productivity has information-theoretic con-
tributions arising from environmental uncertainty, side information, and
the mismatch between the actual and optimal preparation strategies. We
also derived an expression of the optimal strategy for maximizing pro-
ductivity. Our approach extends existing ideas on informational limits on
growth and selection to the realistic setting of simple chemical and biological
replicators in flow reactors.

Our analysis contributes to the existing literature on information pro-
cessing in biomolecular systems, including work on stochastic
thermodynamics®™, biochemical signaling™”, regulation*, and others.
However, most previous research starts from the a priori assumption that
information-theoretic measures (Shannon entropy, channel capacity, etc.) are
relevant for bounding functional performance (work extraction, signal
transduction, etc.). In contrast, we start from a concrete setup (replicator
dynamics in fluctuating environments) and then demonstrate that
information-theoretic measures emerge as the relevant operational quantities.

Our analysis is closely related to the seminal work by Kelly on infor-
mation and multiplicative growth®. Originally operationalized in terms of
gambling, Kelly’s approach has since been used to study the relationship
between information, fitness, and phenotypic variability in biology™ ®.
However, there are several important differences between previous Kelly-type
analyses and our approach, making it more directly applicable to chemical and
microbial replicators. First, we relate information to productivity in a finite
flow reactor, not to unbounded exponential growth. Second, we demonstrate
that both the ‘betting’ and ‘gambling’ stages of Kelly’s setup can be imple-
mented by a single continuous-time autonomous dynamical system (e.g., the
dynamics of a population in a flow reactor). Finally, we demonstrate that a
minimal replicator system can implement an internal memory and use it as a
source of side information, without any explicit sensory mechanisms.

There is also an interesting connection to the concept of ‘substitutional
load’ in evolutionary biology™ . Consider a biological population containing
two alleles, one of which is initially rare but has higher fitness. Substitutional
load refers to the cost of replacing the less fit allele with the fitter one by the
process of natural selection, where cost is measured as decreased population
fitness (proportional to the additional deaths needed to remove the less fit
organisms). Kimura showed that substitutional load can be equivalently
expressed as the negative logarithm of the initial proportion of the fittest allele””.
Similarly, our setup considers the dynamics of a fitter replicator as it heads
towards fixation in a favorable environment. In analogy with Kimura’s sub-
stitutional load, the second (logarithmic) term in Eq. (15) can be understood as
the productivity cost incurred in order to increase the concentration of the
winning replicator. Note that Kimura assumed a fixed population size, whereas
our analysis allows the total replicator concentration to vary over time. (See also
Ref. ["°, pp. 160-164] for a general discussion of substitutional load and other
costs in systems with changing population sizes.)

To contextualize our work, it is useful to distinguish three different types
of selection or adaptation. The first, and most familiar, type is natural selection
in a fixed environment. This occurs during our active phases, where the
winning replicator is selected via competitive exclusion. The second type is
competition and selection among replicator networks, i.e., networks of repli-
cating species linked by exchange reactions. This may be seen as a form of

natural selection, where the units of selection are entire replicator networks
rather than replicator species. A possible prebiotic realization may be imagined
in porous systems like hydrothermal vents”, where each pore acts as a
microscopic flow reactor containing different competing replicator networks.
In such cases, productivity (outflow of replicators) serves as a measure of
fitness, since it governs the ability of a replicator network to colonize new
pores. This allows us to imagine selection for networks whose exchange
reactions implement better strategies, thus leading to higher productivity (all
else being equal) over many cycles of inactive and active phases. We note that,
although the productivity contribution from information-theoretic terms may
not be very large (only a few percent in Fig. 4a), the effect on selection between
networks can be very significant. The third and final type of adaptation is
‘ontogenetic’ improvement of a single replicator type or replicator network via
autonomous (ie., internal) mechanisms. For example, one may imagine a
chemical system that performs associative learning, as illustrated in ref. 72
using a Gray-Scott reaction-diffusion model. In the setting of replicators in
fluctuating environments, one might imagine a mechanism that allows for
slow modifications of internal variables that affect exchange kinetics, in this
way leading to adaptation of the strategy to environmental statistics. In this
work, we focus on productivity and information in fixed replicator systems
with fixed strategies (e.g., fixed exchange reactions), so we do not consider any
kind of ontogenetic adaptation. Studying this type of adaptation in replicator
networks is an interesting direction for future research.

In addition to our theoretical analysis, we illustrated our results on a model
of real-world photocatalytic replicators”. We demonstrated that this chemical
system, when exposed to a fluctuating environment, can implement a strategy
and maintain an internal memory of previous environments as side informa-
tion, without requiring dedicated sensory mechanisms. Finally, we showed that
productivity provides a signature of information flow in this plausible experi-
mental setup. In our analysis of photocatalytic replicators, productivity depends
both on the growth rates of the replicators as well as the (slower) exchange
reactions that lead to re-balancing of replicator concentrations. We argue that
these exchange reactions may be interpreted as performing ‘information pro-
cessing’, in the sense that they map input states (concentrations at the end of the
previous active phase) to output states (concentrations at the beginning of the
next active phase) in a way that affects functional consequences (productivity).
From this perspective, our information-theoretic decomposition of pro-
ductivity quantifies the efficacy of the network’s information processing, based
on the alignment between actual environmental statistics and those implicitly
encoded in the strategy. In this way, our analysis provides a concrete illustration
of how simple chemical systems can store and process information in fluctu-
ating conditions. We note that we focus only on first-order internal memory,
where only the previous environment is tracked. Future work may consider
chemical systems that maintain higher-order memories, allowing for the
tracking and processing of longer environmental histories.

We finish by mentioning two other directions for future research.

First, our theoretical analysis was based on a particular model of repli-
cator dynamics: during active phases, the replicators grow with first-order
kinetics from a single substrate reactant, until only a single fittest type remains
at nonnegligible concentrations. Such dynamics describe many autocatalytic
reaction schemes, and even some autocatalytic networks given an appropriate
separation of timescales”, but other dynamical regimes are also possible.
Future work may extend our analysis to more complex replicator networks,
including those with multiple reactants, non-first-order growth, non-
negligible exchange reactions during active phases, incomplete relaxation to
steady state, and/or coexistence of multiple winner replicators. To make
progress, it may be possible to adapt techniques from ref. 58, which analyzed
the “fitness value of information” in the presence of co-existing winning types.

Second, here we focused entirely on deterministic chemical systems,
which is justified when concentrations are large enough so that thermal
fluctuations can be ignored. Extending our formalism to stochastic chemical
reactions may shed light on how thermal noise influences the relationship
between information and productivity. It may also suggest interesting
connections between our approach and recent results from nonequilibrium
and stochastic thermodynamics.
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Methods

Derivation of main results

Average productivity as a time average, Eq. 21. Here, we show that (P),
as written in Eq. (21), can be regarded as the system’s productivity averaged
over time. First, we consider a random variable with outcomes
{(e, )}, yY { &}, which refer to different types of time periods. Outcome
(& ) represents an active time period under environment € and preparation y.
The outcome (J represents an inactive time period. The probability dis-
tribution over outcomes, written v, is defined in terms of the fraction of time
that the system spends in each type of time period:

Vs‘,y = ‘xps,y‘[s/? (47)

(48)

where p,, is the frequency of environment £ and preparation y, 7 is length of
time of environment ¢, and 7 := > p, 7, is the average time length of an
environment, Eq. (18). Recall also that « denotes the fraction of time spent in
active phases, so 1 — & corresponds to the fraction within inactive phases. It
is easy to verify that v is nonnegative and sums to 1, hence it is a valid
probability distribution.

Using this definition, v can be used to calculate time averages over
observables. In particular, consider the productivity observable P, where
P, is the productivity under active environments £ and preparation y and
P 5 = 0 during inactive phases (when the system is closed). Then, it is easy
to show that (P) from Eq. (21) is the expectation of P under v.

vgzl—oc

Derivation of average productivity using cross-entropy, Eq. 23.
Using Eqs. (20)-(22), we write the average productivity as

(0 Iy)

(P Zpey {ln ey 10

—y+= Zpsy

(49)
In qr(s)|y ’

where in the second line we used the definition of y from Eq. (24). Next, we
recall the information-theoretic expression of cross-entropy from Eq. (27),

- Z myln gy, .
Ty

Crg(RIY) =

Plugging in the definition of 7., from Eq. (25) gives

ZZPU

ry sr(s) r

Pey———Ing,,
Z yme @©ly -

Cﬂ,q(RIY) = lnqr‘y

n r(e)

Combining with Eq. (49) gives (P) =
Eq. (23).

(P*) =y — QC, ,(RIY), which is

Photocatalytic replicator model
Active phase. During active phases, the system evolves according to:

da
(I’l a )¢ - (’76,5966‘5 + ’73,sx3,£> ) (50)
dx
d6 - (’16 e T ¢)x64e + Kbx3.£ - K(l - b)xé,m (51)
dx;
5 = (113 .8, — O)x3 . + k(1 — b)x, , — Kbxs (52)

where we recall a, x¢ . and x3 . denote the concentrations of the reactant (1)
and the hexameric (1¢) and trimeric (15) replicators. We also recall that we
prepare the system such that S(0) = S = u (for example, by letting the system
flow at ¢ before starting the experiment). Hence, at all times we have that
S= a, + X6.e + x3,e = 4, +Xs =y (53)
In our setup, initial conditions for an active phase are given by the final
concentration values from the previous inactive state, which we discuss next.
We solve equations (50), (51) and (52) numerically using the Runge-Kutta
method. As an example, Fig. 6a shows the computed trajectories for x¢(f)
and x; 4(f) under strong light, € = s.
When needed, steady-state values for x ,, and x3  can be estimated
using Eq. (7).

Inactive phase. During inactive phases, the system evolves according to:

da
d—t@ = M. s 45 %6. 5 » (54)
dx,
%@ =15 0% T Kbx3g —x(1 — b)xﬁ’g, (55)
d
x;,t@ = «(1 — b)xg g5 — Kkbx; 4 . (56)

Solving the above ODEs in closed form is challenging. However, for our
parameter values, we may approximate them with a simpler and solvable
system. During the inactive phase, exchange reactions are much slower than
autocatalytic replication of 1¢, because k <7, y1. Hence, any reactant is
quickly converted into 1. This effect can be seen in the inactive phases
shown in Fig. 3¢ or in the initial increase in 1¢ concentration shown in
Fig. 6b. Therefore, we may assume that a  ~ 0 throughout. Moreover,
sincea + X = S* = p holds at all times, we have that

Xo o T X300 XU, (57)
where we used X 5 = xq 5 + X3 5. We now consider the system of
equations

dx;—‘tg A kbxy o — K(1 — b)xg o, (58)
D~ k(1 — b)xe, o — Kbxy o - (59)
The dynamical system above is solved by
X6, g5 (tle_) ~ by + [xg 55 (0le_) — bule™ (60)
X3, g5 (tle) & (1 = b+ [x; 55 (0le_) — (1 = bju]e™, (61)

where we plugged in Eq. (57). For the initial conditions, we assume that all
the reactant is quickly turned into 1, thus

%3 5 (0le_) = x3 6, (62)

E_s)

X6, (Ole_) ~ p — x5 5 (Ole_) = p — x50 - (63)

We later use Eq. (7) to approximate x5 . ~ y — ¢ /15 ..

The term e ™ that appears in Eq (60), (61) controls the tradeoff
between the initial (square brackets) and inactive steady-state concentra-
tions. At the end of the inactive phase t = 1, e "’| = e, hence the
dimensionless inactive timescale A = x7; controls this tradeoff Figure 6b
shows typical trajectories for e_ = w.
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Fig. 6 | Concentration trajectories. For the set of

Inactive phase trajectories

Active phase trajectories

parameters introduced in our Application to a real- a) b)
world system: (a) Concentration trajectories during an 1.5 M
active phase with & = s, with a(0) = x4(0) = x3(0) = /3. o
(b) Concentration trajectories during an inactive g /
phase proceeding from the endpoints of the trajec- ] b
tories in the left panel. The timescale difference % //
between the subplots reflects the dominant rates in S 0.75
each phase. )
© === Rep. 1 (loser) === Replicator 14
Rep. 13 (winner) Replicator 13 )
0 T —— i i x103
0 5 10 15 20 0 5 10 15 20
Time (¢) Time (t)

We now note that, due to the condition (57), the dynamics over
Xg g5+ %3 g 18 effectively one-dimensional. Such dynamics cannot imple-
ment an ‘inverter’ that maps higher initial x to higher final x; and vice versa.
This is because an inverter would require the difference x5 — x5 to evolve in
different directions depending on initial conditions, which is impossible in a
one-dimensional system (see also Ref. 73). For this reason, the system
cannot exploit environmental anticorrelations to increase productivity.

Finally, we define the concentrations at the end of an inactive phase as
functions of {b, A}. We condition on the state of the previous active phase by
substituting for t = 7;in Eqs. (60) and (61). In particular, it will be useful to
consider the endpoints of the inactive phase trajectories of the concentra-
tions of 15 and 1; when preceded by light intensity e_ = s and e_ = w,
respectively. For convenience, we introduce the notation xffg (b,A) .=
x; g5 (77le_) for i € {6, 3}. We also introduce the dimensionless quantity

o

= 64

/’”73; ( )
to quantify the ratio of dilution to maximal growth of replicator i = 3
(washout occurs when 0 > 1). Then,

%5 ()~ [b—(b—0)eu, (65)

Xy ()~ (1 —b)(1—e)u.

Best achievable strategy. In order to study the best achievable strategy,
we recall from our main result, Eq. (23), that all the dependence on the
strategy g is encoded in our information-theoretic cost C,, 4(R|Y), given in
Eq. (28).

In our real-world example introduced above, the parameters that
control g are {b, A}, i.e.,q=q(b,A). In general, there may not be values of {b, A}
such that g equals 77 and thus achieves maximum productivity. However, we
can still optimize the contribution in Eq. (28) in each case.

Let us write the strategy, conditional on the previous environment
states, as fractions of respective concentrations evaluated at the end of the
inactive phase:

(66)

5.z (b:4)
bA) =22 b — (b — )
G0N = 2GS b= 60, (67)
%504 -1
b)) =22~ (1) (1),
q3,,(b, 1) X oy (b, ) (1-b(1—-e?) (68)

with g3s = 1 — ge)s and gejw = 1 — g3}u» where we used Egs. (65), (66) and 0
from Eq. (64).

We now use the expressions above to solve for the best achievable
strategy. As described above, the best strategy is obtained by minimizing
Cr4(R[Y) with respect to the bias b and the dimensionless inactive timescale

A. First, we write the cross-entropy term as a function of {b, A} by plugging in
the approximations (67), (68) into Eq. (27) and then use the conditional
distribution 7y, which yields

CoyRIY) ~ — g, m,In[1— (1= b)(1 — e )]
— ngsmIn[b— (b — 0)e™]

— 7y, In[(1 = b)(1 — e_)‘)}
—mymIn[1—b+(b— 6]

(69)

Next, we use 7gp,, = 1 — 73y, 713 = 1 — 7, and 7, + 7, = 1. We find the
optimal bias and dimensionless timescale by taking derivatives and setting
them to zero:

9,CrgRIV)|, ~=10,0,C (RIY)| ~=0.

With a bit of algebra (or with software like Mathematica), this system of
equations can be solved to give

(70)

When there is no washout (6 < 1), this solution is not valid for uncorrelated
and anticorrelated systems, for which 75, + 73),,>1, because the critical
point is outside of the valid parameter region (b, 1) € [0, 1]x R, There-
fore, for uncorrelated and anticorrelated systems, the minimum of C; ,(R|Y)
must either be achieved at the boundaries (b =0 or b =1 and A = 0), or not
achieved so that C, ;(R|Y) continually decreases as A — co. However, given
Eq. (69), we note that for b — 0,b — 1,and A — 0, C;4(R|Y) — 4 oo due to
the In(0) terms. Hence, the minimum cannot be achieved at the boundaries,
which means that the best timescale for uncorrelated and anticorrelated
environments diverges,

A — o0o. (71)
Moreover, by studying lim,_, o, C; ,(R|Y) as a function of b and mini-
mizing, we find:

by oo = g s + Mg, = Tg. (72)

Conditions on p and r7in correlated vs. anticorrelated environments.
Here we derive conditions on p and 7 in correlated vs. anticorrelated
environments. We will make repeated use of the following general result.

Proposition 1. Let w,p be a joint probability distribution over two binary
random variables: A with outcomes {1, 2} and B with outcomes {|, 1}. If the
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marginals w, and wg have full support, the following four statements are
equivalent:

() w, | >0 () w), + wyy>1
(i) wy 4 > wywy (W)W + @y >1

Proof. First, we rewrite both sides of (i) as

1-w, — w0 +wy1)>(1 — @)1 — wy). (73)
Expanding and canceling terms shows equivalence with (ii).

To show equivalence with (iii), we divide both sides of (i) by w; > 0 to
give wy), > w; and both sides of (ii) by wy > 0 to give wy; > w,. Adding both
inequalities and using w; + w, = 1 implies (iii). To show the reverse
implication, observe that (iii) can only be true if at least one of (i),(ii) is true.
However, since (i) and (ii) are equivalent, they must both be true when
(iii) holds.

Equivalence of (iv) is derived in a similar way, by dividing (i) by w; >0
and (ii) by w, > 0, then adding the inequalities.

Eq. (36) follows from Prop. 1 by taking A=E (1=w,2=s)and B=E_
({ =w, 1 =), then using the equivalence of (i) and (ii).

Next, we use Prop. 1 to prove the equivalence between the statement

pw,w >pwpw’ (74)

which corresponds to ¢ > 0, given its definition in Eq. (36), and the statement
Tigs + 73, <1, (75)

which is used below to derive the best achievable strategy. Eq. (74) can be put
in the form of Prop. 1(i), which is equivalent to Prop. 1(iv),

PE —wip=w T PE —gp=s>1- (76)
Next, we rearrange Eq. (43) to show
g = %’Z_WW = T 6 = PE_—¢ |E=w
3 = %% = T 3= Pp_—¢ |E=s>
therefore Eq. (76) is equivalent to
Tye + g3 > 1. (77)

Third, we apply Prop. 1 to the joint distribution rrzy, taking A=Rand B=E_
({ =w, 1 =5). We then have the equivalence of Prop. 1(iv) in Eq. (77) and
Prop. 1(iii):

Tgpy + 3> 1. (78)

Eq. (75) follows from Eq. (78) and m),, + 73}, = 7gjs + 735 = L.
Environment transition probabilities and bounds on the correlation
c. Here we compute the transition probabilities between environments

P.. asafunction of the marginal probability p,, and correlation c. First,
weusep,. =p,. p. towrite:

pw.w = (1 _ps\w)pw and ps.s = (1 _pw\s)(l _pw)

Using Eq. (36), we can write ¢ in two ways:

C:PW,w_pfvzpw(l_Pw_ps\w) (79)
C:p:‘s_p?:(l_pw)(Pw_pw\s)' (80)

From the above, it is possible to obtain
P =1-p, —— 81
siw v (81)
pw|s:pw_1_pw‘ (82)

which completes our map.
Finally, we note that c is bounded as c,;, < ¢ < c,,,,,. These bounds can

be derived from constraints on the conditional probability, 0 < py,, < 1 and
0 < p,s < 1. Using Eq. (81), we obtain

—pr<csp,(1—p,). (83)
Using Eq. (82), we obtain
—(1=p,)*<c<p,(1-p,) (84)
Choosing the most restrictive lower bound yields
Cmin = max{_pfw_(l _pw)2}7 (85)

and the upper bound is determined by ¢, = p,(1 —p,).
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