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Abstract: The partial information decomposition (PID) aims to quantify the amount of redundant
information that a set of sources provides about a target. Here, we show that this goal can be
formulated as a type of information bottleneck (IB) problem, termed the “redundancy bottleneck”
(RB). The RB formalizes a tradeoff between prediction and compression: it extracts information from
the sources that best predict the target, without revealing which source provided the information. It
can be understood as a generalization of “Blackwell redundancy”, which we previously proposed
as a principled measure of PID redundancy. The “RB curve” quantifies the prediction—compression
tradeoff at multiple scales. This curve can also be quantified for individual sources, allowing subsets
of redundant sources to be identified without combinatorial optimization. We provide an efficient
iterative algorithm for computing the RB curve.
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1. Introduction

Many research fields that study complex systems are faced with multivariate
probabilistic models and high-dimensional datasets. Prototypical examples include brain
imaging data in neuroscience, gene expression data in biology, and neural networks in
machine learning. In response, various information-theoretic frameworks have been
developed in order to study multivariate systems in a universal manner. Here, we focus on
two such frameworks, partial information decomposition and the information bottleneck.

The partial information decomposition (PID) considers how information about a target
random variable Y is distributed among a set of source random variables Xj, ..., X, [1-4].
For example, in neuroscience, the sources Xj, ..., X, might represent the activity of n
different brain regions and Y might represent a stimulus, and one may wish to understand
how information about the stimulus is encoded in different brain regions. A central idea
of the PID is that the information provided by the sources can exhibit redundancy, when
the same information about Y is present in each source, and synergy, when information
about Y is found only in the collective outcome of all sources. Moreover, it has been shown
that standard information-theoretic quantities, such as entropy and mutual information,
are not sufficient to quantify redundancy and synergy [1,5]. However, finding the right
measures of redundancy and synergy has proven difficult. In recent work [4], we showed
that such measures can be naturally defined by formalizing the analogy between set theory
and information theory that lies at the heart of the PID [5]. We then proposed a measure
of redundant information (Blackwell redundancy) that is motivated by algebraic, axiomatic,
and operational considerations. We argued that Blackwell redundancy overcomes many
limitations of previous proposals [4].

The information bottleneck (IB) [6,7] is a method for extracting compressed information
from one random variable X that optimally predicts another target random variable Y. For
instance, in the neuroscience example with stimulus Y and brain activity X, the IB method
could be used to quantify how well the stimulus can be predicted using only one bit of
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information about brain activity. The overall tradeoff between the prediction of Y and
compression of X is captured by the so-called IB curve. The IB method has been employed
in various domains, including neuroscience [8], biology [9], and cognitive science [10]. In
recent times, it has become particularly popular in machine learning applications [7,11-14].

In this paper, we demonstrate a formal connection between PID and IB. We focus in
particular on the relationship between the IB and PID redundancy, leaving the connection
to other PID measures (such as synergy) for future work. To begin, we show that Blackwell
redundancy can be formulated as an information-theoretic constrained optimization
problem. This optimization problem extracts information from the sources that best predict
the target, under the constraint that the solution does not reveal which source provided the
information. We then define a generalized measure of Blackwell redundancy by relaxing
the constraint. Specifically, we ask how much predictive information can be extracted from
the sources without revealing more than a certain number of bits about the identity of the
source. Our generalization leads to an IB-type tradeoff between the prediction of the target
(generalized redundancy) and compression (leakage of information about the identity of
the source). We refer to the resulting optimization problem as the redundancy bottleneck (RB)
and to the manifold of optimal solutions at different points on the prediction/compression
tradeoff as the RB curve. We also show that the RB prediction and compression terms can
be decomposed into contributions from individual sources, giving rise to an individual RB
curve for each source.

Besides the intrinsic theoretical interest of unifying PID and the IB, our approach
brings about several practical advantages. In particular, the RB curve offers a fine-grained
analysis on PID redundancy, showing how redundant information emerges at various
scales and across different sources. This fine-grained analysis can be used to uncover
sets of redundant sources without performing intractable combinatorial optimization.
Our approach also has numerical advantages. The original formulation of Blackwell
redundancy was based on a difficult optimization problem that becomes infeasible for
larger systems. By reformulating Blackwell redundancy as an IB-type problem, we are able
to solve it efficiently using an iterative algorithm, even for larger systems (code available
at https://github.com/artemyk/pid-as-ib, accessed on 12 May 2024). Finally, the RB has
some attractive formal properties. For instance, unlike the original Blackwell redundancy,
the RB curve is continuous in the underlying probability distributions.

This paper is organized as follows. In the next section, we provide the background on
the IB, PID, and Blackwell redundancy. In Section 3, we introduce the RB, illustrate it with
several examples, and discuss its formal properties. In Section 4, we introduce an iterative
algorithm to solve the RB optimization problem. We discuss the implications and possible
future directions in Section 5. All proofs are found in the Appendix A.

2. Background

We begin by providing relevant background on the information bottleneck, partial
information decomposition, and Blackwell redundancy.

2.1. Information Bottleneck (IB)

The information bottleneck (IB) method provides a way to extract information that
is present in one random variable X that is relevant for predicting another target random
variable Y [6,15,16]. To do so, the IB posits a “bottleneck variable” Q that obeys the
Markov condition Q — X — Y. This Markov condition guarantees that Q does not contain
any information about Y that is not found in X. The quality of any particular choice of
bottleneck variable Q is quantified via two mutual information terms: I(X;Q), which
decreases when Q provides a more compressed representation of X, and I(Y; Q), which
increases when Q allows a better prediction of Y. The IB method selects Q to maximize
prediction given a constraint on compression [15-17]:

Iig(R) = Q:én_a)?_yl(Y;Q) where I(X;Q) <R. (1)
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The values of Ijg(R) for different R specify the IB curve, which encodes the overall tradeoff
between prediction and compression.

In practice, the IB curve is usually explored by considering the Lagrangian relaxation
of the constrained optimization problem (1):

Fip(B) i= max 1(Y; Q) — 51(X:Q) @

=1
p
Here, B > 0 is a parameter that controls the tradeoff between compression cost (favored
for B — 0) and prediction benefit (favored for B — c0). The advantage of the Lagrangian
formulation is that it avoids the non-linear constraint in Equation (1). If the IB curve is
strictly concave, then the two Equations (1) and (2) are equivalent, meaning that there is
a one-to-one map between the solutions of both problems [18]. When the IB curve is not
strictly concave, a modified objective such as the “squared Lagrangian” or “exponential
Lagrangian” should be used instead; see Refs. [18-20] for more details.

Since the original proposal, many reformulations, generalizations, and variants of the
IB have been developed [7]. Notable examples include the “conditional entropy bottleneck”
(CEB) [13,21], the “multi-view IB” [22], the “distributed IB” [23], as well as a large family
of objectives called the “multivariate IB” [24]. All of these approaches consider some
tradeoff between two information-theoretic terms: one that quantifies the prediction of
target information that should be maximized and one that quantifies the compression
of unwanted information that should be minimized. We refer to an optimization that
involves a tradeoff between information-theoretic prediction and compression terms as an
IB-type problem.

2.2. Partial Information Decomposition

The PID considers how information about a target random variable Y is distributed
across a set of source random variables Xj, ..., X;;. One of the main goals of the PID is
to quantify redundancy, the amount of shared information that is found in each of the
individual sources. The notion of redundancy in PID was inspired by an analogy between
sets and information that has re-appeared in various forms throughout the history of
information theory [25-31]. Specifically, if the amount of information provided by each
source is conceptualized as the size of a set, then the redundancy is conceptualized as the
size of the intersection of those sets [1,4,5]. Until recently, however, this analogy was treated
mostly as an informal source of intuition, rather than a formal methodology.

In a recent paper [4], we demonstrated that the terms of PID can be defined by
formalizing this analogy to set theory. Recall that, in set theory, the intersection of sets
Aq,..., Ay is defined as the largest set B that is contained in each set A, fors € {1...n}.
Thus, the size of the intersection of finite sets Aq,..., Ay is

n

4

s=1

:m§x|B| where BC Ay Vse {l...n}.

We showed that PID redundancy can be defined in a similar way: the redundancy between
sources Xj, ..., Xy is the maximum mutual information in any random variable Q that is
less informative about the target Y than each individual source [4]:

IE = mSXI(Q;Y) where QL X; Vsec {l1...n}. 3)

The notation Q T X; indicates that Q is “less informative” about the target than X, given
some pre-specified ordering relation C”. The choice of the ordering relation completely
determines the resulting redundancy measure I5. We discuss possible choices in the
following subsection.

We used a similar approach to define “union information”, which in turn leads to
a principled measure of synergy [4]. Note that union information and redundancy are
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related algebraically but not numerically; in particular, unlike in set theory, the principle of
inclusion—exclusion does not always hold.

As mentioned above, here, we focus entirely on redundancy and leave the exploration
of connections between IB and union information/synergy for future work.

2.3. Blackwell Redundancy

Our definition of PID redundancy (3) depends on the definition of the “less informative”
relation C. Although there are many relations that can be considered [25,32-35], arguably
the most natural choice is the Blackwell order.

The Blackwell order is a preorder relation over “channels”, that is conditional
distributions with full support. A channel xp)y is said to be less informative than x|y in
the sense of the Blackwell order if there exists some other channel «p|c such that

Kp|y = Kp|c © Kc|y- 4)

Throughout, we use the notation o to indicate the composition of channels, as defined
via matrix multiplication. For instance, kp|y = kp|c © kcy is equivalent to the statement
xp)y (bly) = Lcxpjc(ble)xcpy(cly) for all b and y. Equation (4) implies that xp|y is less
informative than x|y if kp|y can be produced by downstream stochastic processing of the
output of channel x¢|y. We use the notation

Kply = Kc|y, (5)

to indicate that xp|y is less Blackwell-informative than x¢|y. The Blackwell order can also
be defined over random variables rather than channels. Given a target random variable Y
with full support, random variable B is said to be less Blackwell-informative than random
variable C, written as

B =y C, (6)

when their corresponding conditional distributions obey the Blackwell relation, ppy =
pcyy [36]. It is not hard to verify that any random variable B that is independent of Y is
lowest under the Blackwell order, obeying B <y C for all C.

The Blackwell order plays a fundamental role in statistics, and it has an important
operational characterization in decision theory [36-38]. Specifically, ppjy =< pc|y if and only
if access to channel pc|y is better for every decision problem than access to channel pp)y.
See Refs. [4,39] for details of this operational characterization and Refs. [4,36,39—-42] for
more discussion of the relation between the Blackwell order and the PID.

Combining the Blackwell order (6) with Equation (3) gives rise to Blackwell
redundancy [4]. Blackwell redundancy, indicated here as In, is the maximal mutual
information in any random variable that is less Blackwell-informative than each of
the sources:

In = man I(Q;Y) where Q =y X; Vs. (7)

The optimization is always well defined because the feasible set is not empty, given that
any random variable Q that is independent of Y satisfies the constraints. (Note also that,
for continuous-valued or countably infinite sources, max may need to be replaced by a sup;
see also Appendix A.)

In has many attractive features as a measure of PID redundancy, and it overcomes
several problems with previous approaches [4]. For instance, it can be defined for any
number of sources, it uniquely satisfies a natural set of PID axioms, and it has fundamental
statistical and operational interpretations. Statistically, it is the maximum information
transmitted across any channel that can be produced by downstream processing of any one
of the sources. Operationally, it is the maximum information that any random variable can
have about Y without being able to perform better on any decision problem than any one
of the sources.
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As we showed [4], the optimization problem (7) can be formulated as the maximization
of a convex function subject to a set of linear constraints. For a finite-dimensional system,
the feasible set is a finite-dimensional polytope, and the maximum will lie on one of its
extreme points; therefore, the optimization can be solved exactly by enumerating the
vertices of the feasible set and choosing the best one [4]. However, this approach is limited
to small systems, because the number of vertices of the feasible set can grow exponentially.

Finally, it may be argued that Blackwell redundancy is actually a measure of
redundancy in the channels Pxy|Yr - PXu| Y7 rather than in the random variables Xj, ..., Xj,.
This is because the joint distribution over (Y, Xy, ..., X,) is never explicitly invoked in the
definition of In; in fact, any joint distribution is permitted as long as it is compatible with
the correct marginals. (The same property holds for several other redundancy measures ([4],
Table 1), and Ref. [39] even suggested this property as a requirement for any valid measure
of PID redundancy.) In some cases, the joint distribution may not even exist, for instance
when different sources represent mutually exclusive conditions. To use a neuroscience
example, imagine that px |y and py, |y represent the activity of some brain region X in
response to stimulus Y, measured either in younger (py,|y) or older (py,|y) subjects.
Even though there is no joint distribution over (Y, X;, X») in this case, redundancy is
still meaningful as the information about the stimulus that can be extracted from the
brain activity of either age group. In the rest of this paper, we generally work within the
channel-based interpretation of Blackwell redundancy.

3. Redundancy Bottleneck

In this section, we introduce the redundancy bottleneck (RB) and illustrate it with
examples. Generally, we assume that we are provided with the marginal distribution py of
the target random variable Y, as well as 1 source channels px, |y, ..., px,|y- Without loss of
generality, we assume that py has full support. We use calligraphic letters (like J and X%)
to indicate the set of outcomes of random variables (like Y and Xs). For simplicity, we use
notation appropriate for discrete-valued variables, such as in Equation (4), though most of
our results also apply to continuous-valued variables.

3.1. Reformulation of Blackwell Redundancy

We first reformulate Blackwell redundancy (7) in terms of a different optimization
problem. Our reformulation will make use of the random variable Y, along with two
additional random variables, S and Z. The outcomes of S are the indexes of the different
sources, S = {1,...,n}. The set of outcomes of Z is the union of the outcomes of the
individual sources, Z = |J;_; Xs. For example, if there are two sources with outcomes
X ={0,1} and &, = {0,1,2},then S = {1,2} and Z = {0,1} U {0,1,2} = {0,1,2}. The
joint probability distribution over (Y, S, Z) is defined as

Vs(s z ifz € X,
0 otherwise

In other words, y is drawn from the marginal py, the source s is then drawn independently
from the distribution vs, and finally z is drawn from the channel px |y (z|y) corresponding
to source s. In this way, the channels corresponding to the n sources (px, |y, - - -, Px,|y) are
combined into a single conditional distribution pzsy.

We treat the distribution vg as an arbitrary fixed parameter, and except where
otherwise noted, we make no assumptions about this distribution except that it has full
support. As we will see, different choices of v cause the different sources to be weighed
differently in the computation of the RB. We return to the question of how to determine
this distribution below.

Note that, under the distribution defined in Equation (8), Y and S are independent, so

1(Y;S) = 0. (9)
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Actually, many of our results can be generalized to the case where there are correlations
between S and Y. We leave exploration of this generalization for future work.

In addition to Y, Z, and S, we introduce another random variable Q. This random
variable obeys the Markov condition Q — (Z, S) — Y, which ensures that Q does not contain
any information about Y that is not contained in the joint outcome of Z and S. The full joint
distribution over (Y, S, Z, Q) is

Pyszo(¥,5,2,9) = pysz(Y,s,2)pgisz(4qls, z). (10)

We sometimes refer to Q as the “bottleneck” random variable.

The set of joint outcomes of (S, Z) with non-zero probability is the disjoint union of
the outcomes of the individual sources. For instance, in the example above with X7 =
{0,1} and &, = {0,1,2}, the set of joint outcomes of (S, Z) with non-zero probability
is {(1,0),(1,1),(2,0),(2,1),(2,2)}. Because Q depends jointly on S and Z, our results
do not depend on the precise labeling of the source outcomes, e.g., they are the same if
X, ={0,1,2} is relabeled as X, = {2,3,4}.

Our first result shows that Blackwell redundancy can be equivalently expressed as
a constrained optimization problem. Here, the optimization is over bottleneck random
variables Q, i.e., over conditional distributions pg|s7 in Equation (10).

Theorem 1. Blackwell redundancy (7) can be expressed as

In= max I(Q;Y|S) where I(Q;S|Y)=0. (11)
Q:Q—(Z,5)-Y

Importantly, Theorem 1 does not depend on the choice of the distribution vg, as long
as it has full support.

In Theorem 1, the Blackwell order constraint in Equation (7) has been replaced by an
information-theoretic constraint I(Q; S|Y) = 0, which states that Q does not provide
any information about the identity of source S, additional to that already provided
by the target Y. The objective I(Q;Y) has been replaced by the conditional mutual
information I(Q; Y|S). Actually, the objective can be equivalently written in either form,
since I(Q;Y|S) = I(Q;Y) given our assumptions (see the proof of Theorem 1 in the
Appendix A). However, the conditional mutual information form will be useful for further
generalization and decomposition, as discussed in the next sections.

3.2. Redundancy Bottleneck

To relate Blackwell redundancy to the IB, we relax the constraint in Theorem 1 by
allowing the leakage of R bits of conditional information about the source S. This defines
the redundancy bottleneck (RB) at compression rate R:

Igg(R) := max I(Q;Y|S) where I(Q;S|Y)<R. (12)

I
Q:Q-(Z,5)-Y

We note that, for R > 0, the value of Igg(R) does depend on the choice of the source
distribution vg.

Equation (12) is an IB-type problem that involves a tradeoff between prediction
I1(Q;Y|S) and compression I(Q;S|Y). The prediction term I(Q;Y|S) quantifies the
generalized Blackwell redundancy encoded in the bottleneck variable Q. The compression
term I(Q; S|Y) quantifies the amount of conditional information that the bottleneck variable
leaks about the identity of the source. The set of optimal values of (I(Q;S|Y), I(Q;Y]S))
defines the redundancy bottleneck curve (RB curve) that encodes the overall tradeoff between
prediction and compression.

We prove a few useful facts about the RB, starting from monotonicity and concavity.

Theorem 2. Igp(R) is non-decreasing and concave as a function of R.
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Since Igp(R) is non-decreasing in R, the lowest RB value is achieved in the R = 0
regime, when it equals the Blackwell redundancy (Theorem 1):

Igg(R) > Irg(0) = In. (13)

The largest value is achieved as R — co, when the compression constraint vanishes. It can be
shown that I(Q; Y|S) < I(Z;Y|S) = I(Y; Z,S) using the Markov condition Q — (Z,S5) — Y
and the data-processing inequality (see the next subsection). This upper bound is achieved
by the bottleneck variable Q = Z. Combining implies

Irp(R) < I(Z;Y|S) sz M(Xs;Y), (14)

where we used the form of the distribution pysz in Equation (8) to arrive at the last
expression. The range of necessary compression rates can be restricted as 0 < R <
1(Z;S]Y).

Next, we show that, for finite-dimensional sources, it suffices to consider finite-
dimensional Q. Thus, for finite-dimensional sources, the RB problem (12) involves the
maximization of a continuous objective over a compact domain, so the maximum is always
achieved by some Q. (Conversely, in the more general case of infinite-dimensional sources,
it may be necessary to replace max with sup in Equation (12); see Appendix A.)

Theorem 3. For the optimization problem (12), it suffices to consider Q of cardinality |Q| <
Zs |XS| + 1

Interestingly, the cardinality bound for the RB is the same as for the IB if we take
X = (Z,S) in Equation (1) [16,20]. It is larger than the cardinality required for Blackwell
redundancy (7), where | Q| < (Y| Xs|) — n + 1 suffices [4].

The Lagrangian relaxation of the constrained RB problem (12) is given by

Fre(B) = 00ME% Ly I(Q;Y|S) — (Q,SIY) (15)

The parameter  controls the tradeoff between prediction and compression. The § — 0
limit corresponds to the R = 0 regime, in which case, Blackwell redundancy is recovered,
while the B — oo limit corresponds to the R = oo regime, when the compression constraint
is removed. The RB Lagrangian (15) is often simpler to optimize than the constrained
optimization (12). Moreover, when the RB curve Igg(R) is strictly concave, there is a one-
to-one relationship between the solutions to the two optimization problems (12) and (15).
However, when the RB curve is not strictly concave, there is no one-to-one relationship and
the usual Lagrangian formulation is insufficient. This can be addressed by optimizing a
modified objective that combines prediction and compression in a nonlinear fashion, such
as the “exponential Lagrangian” [19]:

Fay (B) = 0o QY1) - ﬁ e!(@SIY), (16)

(See an analogous analysis for IB in Refs. [18,19].)

3.3. Contributions from Different Sources

Both the RB prediction and compression terms can be decomposed into contributions
from different sources, leading to an individual RB curve for each source. As we show
in the examples below, this decomposition can be used to identify groups of redundant
sources without having to perform intractable combinatorial optimization.
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Let Q be an optimal bottleneck variable at rate R, so that Igg(R) = I(Q;Y|S) and
I(Q;S|Y) < R. Then, the RB prediction term can be expressed as the weighted average of
the prediction contributions from individual sources:

Igp(R) = 1(Q;Y[S) = EVS I(Q;Y|S =s). (17)

Here, we introduce the specific conditional mutual information:

I(Q;Y|S = s) == D(pgy,s=sllPg|s=s)- (18)

where D(-||-) is the Kullback-Leibler (KL) divergence. To build intuitions about this
decomposition, we may use the Markov condition Q — (Z,S) — Y to express the conditional
distributions in Equation (18) as compositions of channels:

PQ|y,s=s = PQ|z,5=s ° Pz|Y,5=s

PQls=s = PQ|z,5=s © PZ|5=s

Using the data-processing inequality for the KL divergence and Equation (8), we can
then write

[QY[S =) < D(pzjy,s=sllPzis=s) = D(px v lIpx.)-

The last term is simply the mutual information I(Y; X;) between the target and source
s. Thus, the prediction contribution from source s is bounded between 0 and the mutual
information provided by that source:

0<I(QY|S=5s) < I(Y; Xs). (19)
The difference between the mutual information and the actual prediction contribution:
I(Y;Xs) = I(Q;Y[S = 5) 20,

quantifies the unique information in source s. The upper bound in Equation (19) is achieved
in the R — oo limit by Q = Z, leading to Equation (14). Conversely, for R = 0, pg|y,s—s =
poly (from I(Q; S|Y) = 0) and pg|s—s = pq (from Equation (9)), so

1(Q;Y]S =s) = I(Q;Y) = Ixs(0) = I

Thus, when R = 0, the prediction contribution from each source is the same, and it is equal
to the Blackwell redundancy.

The RB compression cost can also be decomposed into contributions from
individual sources:

1Qi8[Y) = Lus(s)1(Q:8 = 5|Y). (20)

Here, we introduce the specific conditional mutual information:

I(Q; S = s]Y) :== D(pgyy,s=sllPo|y)- (21)

The source compression terms can be related to so-called deficiency, a quantitative
generalization of the Blackwell order. Although various versions of deficiency can be
defined [43-45], here we consider the “weighted deficiency” induced by the KL divergence.
For any two channels ppjy and pc|y, it is defined as

op(pcyy, Pa)y) == I%E?D(KB\C o peiyllpay)- (22)
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This measure quantifies the degree to which two channels violate the Blackwell order,
vanishing when xpy =< xcjy. To relate the source compression terms (20) to deficiency,
observe that po |y s—s = PQ|z,5=s © Pz|v,s=s and that pzy s_; = px,|y. Given Equation (21),
we then have

I(Q;S = s]Y) > dp(px, |y, Po|v)- (23)

Thus, each source compression term is lower bounded by the deficiency between the source
channel py |y and the bottleneck channel p)y. Furthermore, the compression constraint in
the RB optimization problem (12) sets an upper bound on the deficiency of pg|y averaged
across all sources.

Interestingly, several recent papers have studied the relationship between deficiency
and PID redundancy in the restricted case of two sources [38,41,45-47]. To our knowledge,
we provide the first link between deficiency and redundancy for the general case of multiple
sources. Note also that previous work considered a slightly different definition of deficiency
where the arguments of the KL divergence are reversed. Our definition of deficiency is
arguably more natural, since it is more natural to minimize the KL divergence over a convex
set with respect to the first argument [48].

Finally, observe that, in both decompositions (17) and (20), the source contributions
are weighted by the distribution vg(s). Thus, the distribution v determines how different
sources play into the tradeoff between prediction and compression. In many cases, v can
be chosen as the uniform distribution. However, other choices of vs may be more natural in
other situations. For example, in a neuroscience context where different sources correspond
to different brain regions, vg(s) could represent the proportion of metabolic cost or neural
volume assigned to region s. Alternatively, when different sources represent mutually
exclusive conditions, as in the age group example mentioned at the end of Section 2, vs(s)
might represent the frequency of condition s found in the data. Finally, it may be possible
to set vg in an “adversarial” manner so as to maximize the resulting value of Izg(R) in
Equation (12). We leave the exploration of this adversarial approach for future work.

3.4. Examples

We illustrate our approach using a few examples. For simplicity, in all examples,
we use a uniform distribution over the sources, vs(s) = 1/n. The numerical results are
calculated using the iterative algorithm described in the next section.

Example 1. We begin by considering a very simple system, called the “UNIQUE gate” in the PID
literature. Here, the target Y is binary and uniformly-distributed, py(y) = 1/2 fory € {0,1}.
There are two binary-valued sources, X1 and X, where the first source is a copy of the target,
Px, |y (x1ly) = Ox,y, while the second source is an independent and uniformly-distributed bit,
Px,|y(x1ly) = 1/2. Thus, source Xy provides 1 bit of information about the target, while X,
provides none. The Blackwell redundancy is In = 0 [4], because it is impossible to extract any
information from the sources without revealing that this information came from X;.

We performed RB analysis by optimizing the RB Lagrangian Frp(p) (15) at different
B. Figure la,b show the prediction I(Q;Y|S) and compression I(Q; S|Y) values for the
optimal bottleneck variables Q. At small §, the prediction converges to the Blackwell
redundancy, I(Q;Y|S) = In = 0, and there is complete loss of information about
source identity, I(Q;S|Y) = 0. At larger B, the prediction approaches the maximum
I(Q;Y|S) = 0.5 x I(X3;Y) = 0.5 bit, and compression approaches I(Q; S|Y) = I(Z;S|Y)
~ 0.311 bit. Figure 1lc shows the RB curve, illustrating the overall tradeoff between
prediction and compression.
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Figure 1. RB analysis for the UNIQUE gate (Example 1). (a) Prediction values found by optimizing
the RB Lagrangian (15) at different . Colored regions indicate contributions from different sources,
vs(s)I(Q; Y|S = s) from Equation (17). For this system, only source X; contributes to the prediction.
(b) Compression costs found by optimizing the RB Lagrangian at different . Colored regions indicate
contributions from different sources, vs(s)I(Q; S = s|Y) from Equation (20). (c) The RB curve shows
the tradeoff between optimal compression and the prediction values; the marker colors correspond to
the B values as in (a,b). All bottleneck variables Q must fall within the accessible grey region. (d) RB
curves for individual sources.

In the shaded regions of Figure la,b, we show the additive contributions to the
prediction and compression terms from the individual sources, v5(s)I(Q;Y|S = s) from
Equation (17) and vs(s)I(Q; S = s|Y) from Equation (20), respectively. We also show the
resulting RB curves for individual sources in Figure 1d. As expected, only source X;
contributes to the prediction at any level of compression.

To summarize, if some information about the identity of the source can be leaked
(non-zero compression cost), then improved prediction of the target is possible. At the
maximum needed compression cost of 0.311, it is possible to extract 1 bit of predictive
information from X; and 0 bits from X», leading to an average of 0.5 bits of prediction.

Example 2. We now consider the “AND gate”, another well-known system from the PID literature.
There are two independent and uniformly distributed binary sources, X1 and Xp. The target Y is
also binary-valued and determined via Y = X1 AND X;. Then, py(0) = 3/4 and py(1) = 1/4,
and both sources have the same channel:

2/3 ify=0x=0
1/3 ify=0x=1
0 ify=1,x=0
1 ify=1x=1

px,|y(xly) =

Because the two source channels are the same, the Blackwell redundancy obeys In = I(Y;X1) =
I(Y; Xp) = 0.311 bits [4]. From Equations (13) and (14), we see that Izxg(R) = In across all
compression rates. In this system, all information provided by the sources is redundant, so there
is no strict tradeoff between prediction and compression. The RB curve (not shown) consists of a
single point, (1(Q;Y1S), I(Q; S|Y)) = (0.311,0).

Example 3. We now consider a more sophisticated example with four sources. The target is binary-
valued and uniformly distributed, py(y) = 1/2 for y € {0,1}. There are four binary-valued
sources, where the conditional distribution of each source s € {1,2,3,4} is a binary symmetric
channel with error probability €;:

1-e ify=
PX5|Y(X|V):{€ ) Zi . 4

We take €1 = €3 = 0.1, 3 = 0.2, and €4 = 0.5. Thus, sources Xy and X; provide most information
about the target; X3 provides less information; Xy is completely independent of the target.
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We performed our RB analysis and plot the RB prediction values in Figure 2a and the
compression values in Figure 2b, as found by optimizing the RB Lagrangian at different
B. At small B, the prediction converges to the Blackwell redundancy, I(Q; Y|S) = In =0,
and there is complete loss of information about source identity, I(Q; S|Y) = 0. At large B,
the prediction is equal to the maximum I(Z;Y|S) ~ 0.335 bit, and compression is equal to
I(Q; S]Y) ~ 0.104 bit. Figure 2c shows the RB curve.

(a) Prediction (b) Compression (c) RB curve (d) Source RB curves
....................................................................................................................... 5 '. — ¢
1(5,7:Y) < 0.10 1(Z;S]Y) 1(S.Z;Y) . =05 / X1
& 0.3 X3 % @ 0.3 Il / X
>~ S 0.08 =~ w0/ —_ X
S 4 = X, $ - / X
=02 7 Xy < 0.06 =02 &S 03 .’
S =
5 " 3 s z
g / | Som s g
0.1 / _— =3 X, 3 0.1 k]
o / £ 2 o
o a Xi g o002 I o1 |f
4 Xi * oo ll
0.0 0.00 0.0 00 Dreereererrerrerrerreres,

0.2 0.3 0.4 0.5 0.2 0.3 0.4 0.5 0.05 0.10 0.0 0.1 0.2
I} &) Compression I(Q; S|Y") Compression 1(Q); S = s|Y)
Figure 2. RB analysis for the system with 4 binary symmetric channels (Example 3). (a,b) Prediction
and compression values found by optimizing the RB Lagrangian (15) at different 8. Contributions
from individual sources are shown as shaded regions. (c) The RB curve shows the tradeoff between
optimal compression and prediction values; marker colors correspond to the B values as in (a,b).
(d) RB curves for individual sources.

In Figure 2a,b, we show the additive contributions to the prediction and compression
terms from the individual sources, v5(s)I(Q; Y|S = s) and vs(s)I(Q; S = s|Y), respectively,
as shaded regions. We also show the resulting RB curves for individual sources in Figure 2d.

As expected, source X; does not contribute to the prediction at any level of
compression, in accord with the fact that I(Q;Y|S = s) < I(Xy;Y) = 0. Sources Xj
and X, provide the same amount of prediction and compression at all points, up to
the maximum I(Xy;Y) = I(X2;Y) =~ 0.531. Source X3 provides the same amount of
prediction and compression as sources X; and Xjp, until it hits its maximum prediction
I(X3;Y) ~ 0.278. As shown in Figure 2d, at this point, X3 splits off from sources X; and
X and its compression contribution decreases to 0; this is compensated by increasing the
compression cost of sources X; and Xp. The same behavior can also be seen in Figure 2a,b,
where we see that the solutions undergo phase transitions as different optimal strategies
are uncovered at increasing . Importantly, by considering the prediction/compression
contributions from the the individual sources, we can identify that sources X; and X,
provide the most redundant information.

Let us comment on the somewhat surprising fact that, at larger B, the compression cost
of X3 decreases—even while its prediction contribution remains constant and the prediction
contribution from X; and X, increases. At first glance, this appears counter-intuitive if
one assumes that, in order to increase prediction from X; and X, the bottleneck channel
Py should approach px |y = px, |y, thereby increasing the deficiency dp (px, |y, Pgjy) and
the compression cost of X3 via the bound (23). In fact, this is not the case, because the
prediction is quantified via the conditional mutual information I(Q; Y|S), not the mutual
information I(Q; Y). Thus, it is possible that the prediction contributions from X; and X;
are large, even when the bottleneck channel py does not closely resemble px, |y = px,|y-

More generally, this example shows that it is possible for the prediction contribution
from a given source to stay the same, or even increase, while its compression cost decreases.
In other words, as can be seen from Figure 2d, it is possible for the RB curves of the
individual sources to be non-concave and non-monotonic. It is only the overall RB curve,
Figure 2c, representing the optimal prediction-compression tradeoff on average, that must
be concave and monotonic.
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Example 4. In our final example, the target consists of three binary spins with a uniform
distribution, so Y = (Y1,Y2,Y3) and py(y) = 1/8 for all y. There are three sources, each of
which contains two binary spins. Sources Xy and X, are both equal to the first two spins of
the target Y, X1 = Xo = (Y1,Y2). Source X3 is equal to the first and last spin of the target,
X3 = (Y1/Y3)'

Each source provides I(Y; X;) = 2 bits of mutual information about the target. The
Blackwell redundancy In is 1 bit, reflecting the fact that there is a single binary spin that is
included in all sources (Y7).

We performed our RB analysis and plot the RB prediction values in Figure 3a and the
compression values in Figure 3b, as found by optimizing the RB Lagrangian at different
B. At small B, the prediction converges to the Blackwell redundancy, I(Q; Y|S) = In =1,
and I(Q;S|Y) = 0. At large B, the prediction is equal to the maximum I(Z;Y|S) = 2 bit,
and compression is equal to I(Z; S|Y) ~ 0.459. Figure 3c shows the RB curve. As in the
previous example, the RB curve undergoes phase transitions as different optimal strategies
are uncovered at different S.

(a) Prediction (b) Compression (c) RB curve (d) Source RB curves
0.5 2.0 7 7
2.0 . — / .
. < — © Rd
@ 504 @ [ / 7
> 15 < = = 7
S =03 S = 7
= = N S _
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S 1.0 s < =
= o 0.2 = =
5 o 3 S X
° I o ° ] - 1
o) o o] 2 0.5
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I&) I&] Compression I(Q: S|Y) Compression I(Q; S = s|Y)

Figure 3. RB analysis for the system with a 3-spin target (Example 4). (a,b) Prediction and compression
values found by optimizing the RB Lagrangian (15) at different . Contributions from individual
sources are shown as shaded regions. (c) The RB curve shows the tradeoff between optimal
compression and prediction values; marker colors correspond to the  values as in (a,b). (d) RB
curves for individual sources.

In Figure 3a,b, we show the additive contributions to the prediction and compression
terms from the individual sources, v5(s)I(Q; Y|S = s) and vs(s)I(Q; S = s|Y), as shaded
regions. We also show the resulting RB curves for individual sources in Figure 3d.

Observe that sources X; and X, provide more redundant information at a given
level of compression. For instance, as shown in Figure 3d, at source compression
I(Q;S = s|Y) ~ .25, X7 and X, provide 2 bits of prediction, while X3 provides only
a single bit. This again shows how the RB source decomposition can be used for identifying
sources with high levels of redundancy.

3.5. Continuity

It is known that the Blackwell redundancy I~ can be discontinuous as a function of
the probability distribution of the target and source channels [4]. In Ref. [4], we explain
the origin of this discontinuity in geometric terms and provide sufficient conditions for
Blackwell redundancy to be continuous. Nonetheless, the discontinuity of I is sometimes
seen as an undesired property.

On the other hand, as we show in this section, the value of RB is continuous in the
probability distribution for all R > 0.

Theorem 4. For finite-dimensional systems and R > 0, Irg(R) is a continuous function of the
probability values px, |y (x|y), py(y), and vs(s).

Thus, by relaxing the compression constraint in Theorem 1, we “smooth out” the
behavior of Blackwell redundancy and arrive at a continuous measure. We illustrate this
using a simple example.
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Example 5. We consider the COPY gate, a standard example in the PID literature. Here, there are
two binary-valued sources jointly distributed according to

1/2—€/4 ifx;=x

pxix, (X1, X2) = {6/4 if X1 # xp

The parameter € controls the correlation between the two sources, with perfect correlation at € = 0
and complete independence at € = 1. The target Y is a copy of the joint outcome of the two sources,
Y = (X3, Xo).

It is known that Blackwell redundancy I is discontinuous for this system, jumping
from In = 1 ate = 0 to In = 0 for € > 0 [4]. On the other hand, the RB function Igg(R) is
continuous for R > 0. Figure 4 compares the behavior of Blackwell redundancy and RB as
a function of €, at R = 0.01 bits. In particular, it can be seen that Izg(R) = 1 ate = 0 and
then decays continuously as € increases.

1.0
— IRp(R)
— Iﬁ

0.8

=N

e
=~

Redundancy

o
o

0.0 | ©

0.0 0.2 0.4 0.6 0.8 1.0
€

Figure 4. The RB function Izg(R) is continuous in the underlying probability distribution for R > 0,
while Blackwell redundancy can be discontinuous. Here illustrated on the COPY gate, Y = (X1, X»),
as a function of correlation strength € between X; and X; (perfect correlation at € = 0, independence
at € = 1). Blackwell redundancy jumps from In = 1 ate = 0 to In = 0 at € > 0, while Izg(R) (at
R = 0.01) decays continuously.

4. Tterative Algorithm

We provide an iterative algorithm to solve the RB optimization problem. This
algorithm is conceptually similar to the Blahut-Arimoto algorithm, originally employed for
rate distortion problems and later adapted to solve the original IB problem [6]. A Python
implementation of our algorithm is available at https://github.com/artemyk/pid-as-ib;
there, we also provide updated code to exactly compute Blackwell redundancy (applicable
to small systems).

To begin, we consider the RB Lagrangian optimization problem, Equation (15). We
rewrite this optimization problem using the KL divergence:

1
Fre(B) = %g?D(rY|QS||pY\S) - BD(rQ\SYHrQ\Y)- (25)

Here, notation like rQlys Ty|Qs- etc., refers to distributions that include Q and therefore
depend on the optimization variable 7,57, while notation like py|s refers to distributions
that do not depend on Q and are not varied under the optimization. Every choice
of conditional distribution rQ|sz induces a joint distribution ryszg = Pyszro|sz via
Equation (10).
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We can rewrite the first KL term in Equation (25) as

D(ry|gsllpyis) = D(ryjoslipyis) — 5515122 D(ry|gsllwy|os)

w(ylg, S)}
= max E In ——"—=1.
wyszg TYszialsz [ p(yls)
where [E indicates the expectation, and we introduced the variational distribution wyszq.
The maximum is achieved by wyszg = ryszg, which gives wy|gs = ry|gs. We rewrite the
second KL term in Equation (25) as

D(rgisyllrgly) = D(rgisyrzisyollropyzisvo)

= min D(r r wWoHlyw .
oy (Q\SY Z|SYQ|| QY Z|SYQ>

Here, we introduce the variational distribution wyszg, where the minimum is achieved by
wyszQ = ryszQ- The term r|sy’z|syQ can be rewritten as

r(zs,y,q9) _ r(4ls,z)p(zsy)
p(s,y) p(s,y)

r(qls,y)r(zls,y,q) = = r(qls,z)p(zls,y)
where we used the Markov condition Q — (S,Z) — Y. In this way, we separate the
contribution from the conditional distribution 7|57 being optimized.

Combining the above allows us to rewrite Equation (25) as

_ w(ylgs)] 1
Fre(B) = rQ‘ZfS%SZQ Epyszropsz [111 20l | BD(TQ\SZPZLGYHWQ|YWZ|SYQ)- (26)

We now optimize this objective in an iterative and alternating manner with respect to rgs7

and wyszq. Formally, let L(rgsz, wyszq) refer to the objective in Equation (26). Then,
(0)

starting from some initial guess r we generate a sequence of solutions

Qlsz’
(t+1) (t)
Wyszo = argmaxﬁ(rQ‘SZ,wyszQ) (27)
wyszQ
t+1 t+1
r(Q|sz) = arrgllmax E(rQ‘SZ,wg/SZé) (28)
Qlsz

Each optimization problem can be solved in closed form. As already mentioned, the
optimizer in Equation (27) is

(t+1) _ () _ (B
WyszQ = Tvszq = To|szPszy-

The optimization (28) can be solved by taking derivatives, giving

(t) _ %}
t+1)(q|slz)o<ezyp(y|s,z) BInw'(y|g,s) lnw(')(q\y)w(t)(Z\s,y,q) )

t

where the proportionality constant in o is fixed by normalization }, rt(gls,z) = 1.
Each iteration increases the value of objective £. Since the objective is upper bounded
by I(Z;Y|S), the algorithm is guaranteed to converge. However, as in the case of the
original IB problem, the objective is not jointly convex in both arguments, so the algorithm
may converge to a local maximum or a saddle point, rather than a global maximum. This
can be partially alleviated by running the algorithm several times starting from different

(0)
Q|sz:
When the RB is not strictly concave, it is more appropriate to optimize the exponential

RB Lagrangian (16) or another objective that combines the prediction and compression

initial guesses r
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terms in a nonlinear manner [18,19]. The algorithm described above can be used with such
objectives after a slight modification. For instance, for the exponential RB Lagrangian, we
modify (26) as

exp — w(ylg,s) _ 1 D(rqizspzisylwgywzisyq)
Fro (F) = rgsaaovszo Eprszrgrss [ln p(yls) B¢ - @
A similar analysis as above leads to the following iterative optimization scheme:

(t+1) _ _(®)
WyszQ = Tg|szPszy

2180 maw® (y]a,5)—1 p(zlsy) ]
r(t+1) (q|S/Z) - eZy p(y‘s Z) Y Inw (qu s)—In w(t)(q\y)w(t)(z\&}//q) ,
) — p,—Ln(QS[Y) . . .
where p\Y) = Be is an effective inverse temperature. (Observe that, unlike

the squared Lagrangian [18], the exponential Lagrangian leads to an effective inverse
temperature B(*) that is always finite and converges to f as I L0 (Q;S[Y) — 0.

When computing an entire RB curve, as in Figure la—c, we found good results by
annealing, that is by re-using the optimal rs; found for one § as the initial guess at
higher . For quantifying the value of the RB function Izg(R) at a fixed R, as in Figure 4,
we approximated Izg(R) via a linear interpolation of the RB prediction and compression
values recovered from the RB Lagrangian at varying f.

5. Discussion

In this paper, we propose a generalization of Blackwell redundancy, termed the
redundancy bottleneck (RB), formulated as an information-bottleneck-type tradeoff
between prediction and compression. We studied some implications of this formulation
and proposed an efficient numerical algorithm to solve the RB optimization problem.

We briefly mention some directions for future work.

The first direction concerns our iterative algorithm. The algorithm is only applicable to
systems where it is possible to enumerate the outcomes of the joint distribution pgysz. This
is impractical for discrete-valued variables with very many outcomes, as well as continuous-
valued variables as commonly found in statistical and machine learning settings. In future
work, it would be useful to develop RB algorithms suitable for such datasets, possibly by
exploiting the kinds of variational techniques that have recently gained traction in machine
learning applications of IB [11-13].

The second direction would explore connections between the RB and other
information-theoretic objectives for representation learning. To our knowledge, the RB
problem is novel to the literature. However, it has some similarities to existing objectives,
including among others the conditional entropy bottleneck [13], multi-view IB [22], and the
privacy funnel and its variants [49]. Showing formal connections between these objectives
would be of theoretical and practical interest, and could lead to new interpretations of the
concept of PID redundancy.

Another direction would explore the relationship between RB and information-
theoretic measures of causality [50,51]. In particular, if the different sources represent
some mutually exclusive conditions—such as the age group example provided at the end
of Section 2—then redundancy could serve as a measure of causal information flow that is
invariant to the conditioning variable.

Finally, one of the central ideas of this paper is to treat the identity of the source
as a random variable in its own right, which allows us to consider what information
different bottleneck variables reveal about the source. In this way, we convert the search
for topological or combinatorial structure in multivariate systems into an interpretable
and differential information-theoretic objective. This technique may be useful in other
problems that consider how information is distributed among variables in complex systems,
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including other PID measures such as synergy [4], information-theoretic measures of
modularity [52,53], and measures of higher-order dependency [54,55].
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Appendix A

We provide proofs of the theorems in the main text. Throughout, we use D for
the Kullback-Leibler (KL) divergence, H for the Shannon entropy, and I for the mutual
information.

Appendix A.1. Proof of Theorem 1

We begin by proving a slightly generalized version of Theorem 1, that is we show the
equivalence between the two optimization problems:

In =sup I(Q;Y) where Q =<y X Vs (A1)
Q
In= sup  I(Q;Y|S) where I(Q;S|Y)=0. (A2)
Q:Q-(Z,5)-Y

The slight generalization comes from replacing max by sup, so that the result also holds
for systems with infinite-dimensional sources, where the supremum is not guaranteed to
be achieved. For finite-dimensional systems, the supremum is always achieved, and we
reduce to the simpler case of Equations (7) and (11).

Proof. Let V; indicate the supremum in Equation (Al) and V, the supremum in
Equation (A2), given some vg(s) with full support. We prove that V; = V5.

We will use that, for any distribution that has the form of Equation (10) and obeys
1(Q; S]Y) = 0, the following holds:

I(Q;Y|s) = H(Q[S) — H(QIS,Y)
= H(Q) — H(Q[Y) = I(Q;Y)

Here, we used the Markov condition Q — Y — S, aswellas I(Q; S) = H(Q) — H(Q|S) =0,
as follows from Equation (9) and the data-processing inequality.

Let Q be a feasible random variable that comes within € > 0 of the objective in (A1),
I(Q;Y) > V3 — €. Define the joint distribution:

(A3)

pavsz(q,y,8,z) = KQ|X; (‘1|Z)PY(]/)VS(S)szw(z\]/)

whenever z € A, otherwise poysz(q,y,5,z) = 0. Here, we used the channels KQIXs
associated with the Blackwell relation Q =y X, so that pg)y = xqgx, © px,y- Under
the distribution pgysz, the Markov conditions Q — (S,Z) — Y and Q — Y — S hold, the
latter since

Posiy(a,sly) = payy (@ly)vs(s). (A4)
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Therefore, this distribution has the form of Equations (8) and (10) and satisfies the
constraints in Equation (A2). Using Equation (A3), we then have

Vi—e<HQY)=1(QY|S) <Va.

Conversely, let pyszo be a feasible joint distribution for the optimization of
Equation (A2) that comes within € > 0 of the supremum, I(Q;Y|S) > V, —e. Using
the form of this joint distribution from Equation (10), we can write

(a)
por (@ly) = pojys(aly.s)
= ZPQ|YSZ(‘7|]//Srz)pZ\YS<Z|y/S)
z

(b)

= ZPQ\SZ(4|Z/S)PZ\Y5(Z|%S)
V4

(o)

=Y pojsz(alz s)px. v (zly)

In (a), we used I(Q;S|Y) = 0; in (b), we used Q — (S,Z) — Y; in (c), we used that
Pz|ys—=s = Px.|y- This implies that poy =< pyx |y for all s. Therefore, pg|y satisties the
constraints in Equation (A1), so I(Q;Y) < V;. Combining with Equation (A3) implies

Vo —e < I(QY]S) = I(QY) < V1.
Taking the limit € — 0 gives the desired result. [

Appendix A.2. Proof of Theorem 2

We now prove a slightly generalized version of Theorem 2. We show that the solution
to the following optimization problem is non-decreasing and concave in R:

Izg(R) := sup I(Q;Y|S) where I(Q;S|Y)<R. (A5)
Q:Q-(2,8)-Y

The slight generalization comes from replacing max in Equation (12) by sup, so that the
result also holds for systems with infinite-dimensional sources where the supremum is not
guaranteed to be achieved.

Proof. Izg(R) is non-decreasing in R because larger R give weaker constraints (larger
feasible set) in the maximization problem (A5).

To show concavity, consider any two points on the RB curve as defined by
Equation (A5): (R, Izg(R)) and (R’, Igg(R’)). For any € > 0, there exist Q and Q' such that

I(Q;S[Y) <R (Q;YS) > Irp(R) — e
I(Q;s[Y) < R 1(Q5YS) > Ing(R) — €

Without loss of generality, suppose that both variables have the same set of outcomes Q.
Then, we define a new random variable Q, with outcomes Q) = {1,2} x Q, as well as a
family of conditional distributions parameterized by A € [0, 1]:

Po,izs(1,4lz,s) = Apgjzs(4lz,s)
Pa,zs(2,4lz,5) = (1 = A)pgzs(qlz,s)

In this way, we define Q, via a disjoint convex mixture of Q and Q" onto non-overlapping
subspaces, with A being the mixing parameter. With a bit of algebra, it can be verified that,
for every A,

H(Qa[Y) = AH(Q[Y) + (1 - MH(Q'[Y),
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and similarly for H(Q, Y, S) and H(Q,|S). Therefore,
I(Qu; SIY) = A(Q; SIY) + (1 - M) I(Q;S]Y)
< AR+ (1-A)R'
I(Qx;Y[S) = AL(Q;Y[S) + (1 - A)I(Q;YIS)
> Algp(R) + (1 - A)Irp(R') — €
Since Irg is defined via a maximization, we have
Irp(AR + (1 = A)R") > 1(Q); Y[S) > Alrp(R) + (1 — A)Irp(R’) —e.

Taking the limit e — 0 proves the concavity. O

Appendix A.3. Proof of Theorem 3

Proof. We show that, for any Q that achieves I(Q; S|Y) < R, there is another Q" with
cardinality |Q'| < Y| X;s| + 1 that satisfies I[(Q’; S|Y) < Rand I(Q’;Y|S) > I(Q; Y|S).
Consider any joint distribution pgszy from Equation (10) that achieves I(Q; S|Y) < R,
and let Q be the corresponding set of outcomes of Q. Fix the corresponding conditional
distribution psz|o, and note that it also determines the conditional distributions:

Pyszio(W,s,z19) = pyisz(yls, 2)pszo(s,zl9) (A6)
_ vs(S)P;;g((SZE/))PY(y) pszio(s210) (A7)

ZZ 7<7
Py|so(yls. q) = PrszioQ.2l4) (A8)

Yoy pYSZ\Q(y/fS/ZW)

Yo pyszio(,s zlq)
pS‘YQ(SW'q) B Yo Pysz\Q(% s,z]q) (89)

Next, consider the following linear program:

V = max Y_wq (9)D(Py|sg—q /| Pyjs) (A10)
Q q
where ) wo (9)pszo(s,219) = psz(s,2) Vs, z (A11)
q
> wo (q)H(S|Y,Q=1q) = H(s|Y,Q) (A12)
q

where A is the |Q|-dimensional unit simplex, and we use the notation H(S|Y,Q =¢) =
—Yys Pysjo(¥,819) Inpsyo(sly,q). The first set of constraints (All) guarantees that
wq Pysz| belongs to the family (10) and, in particular, that the marginal over (S, Z,Y) is
vs(s)px,|y (zly)py(y) (see Equation (A7)). There are } ;| Xs| possible outcomes of (s, z),
but Y, psz(s,z) = 1 by the conservation of probability. Therefore, Equation (A11)
effectively imposes Y 4| Xs| — 1 constraints. The last constraint (A12) guarantees that
H(S|Y,Q') = H(S|Y, Q); hence,

1(Q;SY) = H(S|Y) — H(S]Y, Q')
= H(S|Y) — H(S|Y,Q) = I(Q;S|]Y) < R.

Equation (A10) involves a maximization of a linear function over the simplex, subject
to Y_s| Xs| hyperplane constraints. The feasible set is compact, and the maximum is achieved
at one of the extreme points of the feasible set. By Dubin’s theorem [56], any extreme point
of this feasible set can be expressed as a convex combination of at most ) ¢| Xs| + 1 extreme
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points of A. Thus, the maximum is achieved by a marginal distribution wg with support
on at most ) | Xs| + 1 outcomes. This distribution satisfies:

ZWQ' D(Py|sqg—qlIPy|s) >ZPQ D(Py|sg—qlIPy|s)

since the actual marginal distribution pg is an element of the feasible set. Finally, note that
ZWQ’ D(Py|sg—qlIPyjs) = 1(Q’;Y|S)

ZPQ D(Py|sg—qlIPy(s) = 1(Q;YIS);

therefore, I(Q';Y|S) > I(Q;Y|S). O

Appendix A.4. Proof of Theorem 4

Proof. For a finite-dimensional system, we may restrict the optimization problem in
Theorem 1 to Q with cardinality |Q| < Y| Xs| + 1 (Theorem 3). In this case, the feasible set
can be restricted to a compact set, and the objective is continuous; therefore, the maximum
will be achieved.

Now, consider a tuple of random variables (S,Z,Y,Q) that obey the Markov
conditions S —Y — Z and Q — (5,Z) — Y. Suppose that Q achieves the maximum in
Theorem 1 for a given R > 0:

I(Q;Y|s) = Irs(R),  I(Q;S[Y) <R. (A13)

Consider also a sequence of random variables (S, Z, Yy, Qx) for k = 1,2,3... where each
tuple has the same outcomes as (S, Z, Y, Q) and obeys the Markov conditions Sy — Y — Z
and Qx — (S, Zx) — Y- Let I&5(R) indicate the redundancy bottleneck defined in Theorem 1
for random variables Z, Y, Sy, and suppose that Qy achieves the optimum for problem k:

I(Qi YelSk) = Igg(R)  I(Qu; SklYi) < R. (A14)

To prove continuity, we assume that the joint distribution of (S, Z, Yx) approaches the
joint distribution of (S, Z,Y),

tim s,z ~ psxoll, =0

We first show that
Igp(R) > lim I (R). (A15)

First, observe that given our assumption that psz has full support, we can always take k
sufficiently large so that each pg, 7, has full support. Next, we define the random variable
Q, that obeys the Markov condition Q) — (S, Z) — Y, with conditional distribution:

pr{|SZ(’]|S/Z) = PQy|ScZ (qls, 2).

This conditional distribution is always well-defined, given that ps, 7, has the same support
as psz. By assumption, ps, 7,v, — pszy; therefore,

PQiszy — PQisiziy, — - (A16)
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Conditional mutual information is (uniformly) continuous due to the (uniform) continuity
of entropy (Theorem 17.3.3, [57]). Therefore,

0 = Hm[I(Qx; SkYi) — I(QuSIY)] <R - 1il§11(Q2;5\Y)/ (A17)

where we used Equation (A14). We also define another random variable Qf, which also
obeys the Markov condition Qf — (S, Z) — Y, whose conditional distribution is defined in
terms of the convex mixture:

Paysz(qls,z) == apqsx(qls, z) + (1 — a)pu(q),

ay = min{l, I(Q,’fSY)} € [0,1] (A18)

Here, py(q) = 1/]9Q| is a uniform distribution over an auxiliary independent random
variable U with outcomes Q. From the convexity of conditional mutual information [58],

QL S|Y) < aI(QSIY) + (1 — a) I(U; S|Y) < R.

In the last inequality, we used I(U; S|Y) = 0 and plugged in the definition of a;. Observe
that the random variable Qy falls in the feasible set of the maximization problem that
defines Igg, so

Iks(R) > 1(QY]S). (A19)

Combining Equations (A17) and (A18), and R > 0 implies that ay — 1, so
Puszy = Pgszy — 0.

Combining with Equations (A14), (A16) and (A19), along with continuity of conditional
mutual information, gives

Trs(R) > lim 1(Qf; Y[S) = im 1(Q}3 Y1S) = lim 1(Q; YilSi) = lim T (R).
We now proceed in a similar way to prove
Igp(R) < lim I (R). (A20)

We define the random variable Q" that obeys the Markov condition Q" — (Sk, Z;) — Y,
with conditional distribution

pQL/\Ska(q‘S'Z) = PQlSX(‘ﬂS/Z)-

Since ps,z,y, — pszy by assumption,

PQrsczyy, — Pszy — 0. (A21)
We then have
0 = Lim({1(Q; S|Y) = H(Q{; SilYi)] < R — lim I(QY; S¢/¥i)- (A22)

where we used Equation (A13). We also define the random variable Q" that obeys the
Markov condition Q' — (S, Zx) — Y, with conditional distribution

Pavis,z,(als,2) = axporis,z, (als,z) + (1 — ag)pu(a),

.. R
o = mln{l, W} € [0,1] (A23)
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Using the convexity of conditional mutual information, I(U; Sy; Yx) = 0, and the definition
of &}, we have

I(Qx" Skl ) < o I(QE; Skl Ye) + (1 — s ) I(U; S| Y) < R.

Therefore, the random variable Qﬁ’ falls in the feasible set of the maximization problem
that defines I§B, SO
Ikg(R) > I(QY; Ye|Sy). (A24)

Combining Equations (A22) and (A23), and R > 0 implies &} — 1; therefore,
PQsizive — Popsizey — 0

Combining this with Equations (A13), (A21) and (A24), along with the continuity of
conditional mutual information, gives

lilI(nII]%B(R) > liinI(Q,”{";Yk|Sk) = liinI(QZ; Yi|Sk) = I(Q; Y|S) = Irg(R).

O]
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