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Generalized free energy and excess/housekeeping decomposition in nonequilibrium systems:
From large deviations to thermodynamic speed limits
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In genuine nonequilibrium systems under continuous driving, thermodynamic forces are nonconservative and
cannot be described by any free energy potential. Nonetheless, we show that such systems can be associated with
a generalized free energy derived from a large-deviation variational principle. This variational principle yields
a decomposition of fluxes, forces, and entropy production into a conservative excess part and a nonconservative
housekeeping part, exemplifying an information-geometric Pythagorean theorem. The decomposition is broadly
applicable—including to stochastic master equations as well as closed and open deterministic chemical reaction
networks—and accessible to thermodynamic inference from short-time trajectory data. We also show that the
excess entropy production obeys a thermodynamic speed limit bounding the rate of state evolution and external
fluxes. We illustrate the framework on driven Markov jump processes, nonlinear chemical oscillators, and
real-world metabolic networks, where we obtain tight dissipation bounds and identify futile metabolic cycles.
Connections are drawn to large deviations, Onsager theory, and previous excess/housekeeping decompositions.
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I. INTRODUCTION

Thermodynamics is one of the most far reaching and useful
theoretical frameworks in the physical sciences. Traditionally,
this framework was mainly used to study “passive” systems,
which tend toward equilibrium when allowed to relax freely.
When a passive system is brought out of equilibrium, many of
its thermodynamic, dynamical, and statistical properties are
governed by the nonequilibrium free energy F. As we discuss
below, the nonequilibrium free energy controls relaxation dy-
namics [1,2], equilibrium fluctuations [3,4], and extractable
work [5,6]. In addition, the thermodynamic forces that de-
scribe a passive system are “conservative,” being determined
by the gradient of the nonequilibrium free energy. For this
reason, we refer to passive systems as conservative systems.

In nonequilibrium thermodynamics, entropy production
rate (EPR) refers to the increase of the entropy of a system
and its environment, and it serves as the fundamental mea-
sure of thermodynamic dissipation. In conservative systems,
EPR is proportional to the loss of the nonequilibrium free
energy over time, vanishing at equilibrium, where the state
remains constant. Recently, the connection between entropy
production and nonstationarity has been used to derive ther-
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modynamic speed limits (TSLs) [7-11]. TSLs bound the time
and dissipation needed to transform a system from one state
to another, and they quantify the thermodynamic efficiency
of finite-time transformations [12]. Moreover, the minimal
dissipation required to go between two states in a finite time
defines a thermodynamic distance between states. In the near-
equilibrium regime, this distance is called “thermodynamic
length” [13-16]. Far from equilibrium, it is the distance based
on thermodynamic optimal transport [17-24].

Nowadays, there is growing interest in “genuine nonequi-
librium” systems that undergo continuous driving. Such
driving can arise from nonequilibrium boundary conditions,
applied mechanical forces, or internal fuel sources (as in
active matter [25]). When allowed to relax freely, such sys-
tems tend toward nonequilibrium steady states, or possibly
limit cycles and chaos in the case of nonlinear dynamics.
Many examples are found in molecular biology, where driving
is provided by nonequilibrium concentrations of adenosine
triphosphate (ATP), adenosine diphosphate (ADP), and phos-
phate (Pi).

We refer to continuously driven systems as nonconser-
vative, because they exhibit nonconservative thermodynamic
forces that cannot be expressed as the gradient of any free en-
ergy potential. Nonconservative systems exhibit cyclic fluxes
that contribute to dissipation but do not influence state evo-
lution. For example, a nonconservative system may remain
near a steady state while parameters slowly change, incur-
ring arbitrarily large entropy production despite negligible
state change. In nonconservative systems, vanishing speed of
evolution does not imply small EPR. Therefore, TSLs that
relate EPR and speed may become arbitrarily loose in non-
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TABLE 1. Summary of our results and comparison with the steady-state/Hatano-Sasa approach (discussed in more detail in Secs. III B
and IX B). Top row: j indicates the vector of one-way fluxes, V the stoichiometric matrix, and x the concentration vector or probability

distribution.
Our generalized potential ¢* Section Steady-state potential ¢**
« , x
Definition Vij=-V(joe"?) Secs. IV and V ¢ =In—
Excess/housekeeping Information-geometric Hatano-Sasa, also called
.. s Sec. VE . . . .
decomposition decomposition adiabatic/nonadiabatic
Excess part Conservative Nonstationary
Housekeeping part Nonconservative Stationary
Linear-response coefficients Short-time diffusion coefficients Sec. VG Steady-state diffusion coefficients
Large deviations Dynamical fluctuations Sec. VI Steady-state fluctuations
Thermodynamic speed limit Wasserstein speed Sec. VII Total variation speed (MJPs only)

conservative systems, and they typically do not provide useful
measures of efficiency for finite-time transformations.

In this paper, we consider the problem of defining a “gen-
eralized” free energy for nonconservative systems. We also
consider the related problem of decomposing nonconservative
systems into excess and housekeeping parts. The excess part
is the conservative contribution associated with the general-
ized free energy, and it vanishes once the potential becomes
“equilibrated” and the internal dynamics become stationary.
The excess part should discount the contribution of cyclic
fluxes to dissipation, thus giving rise to meaningful TSLs in
nonconservative systems. The housekeeping part is the non-
conservative contribution that cannot be associated with the
generalized free energy, and it does not vanish even when the
internal dynamics are stationary. As we show, this decompo-
sition may be considered at the level of thermodynamic forces
(conservative/nonconservative forces), fluxes (gradient/cyclic
fluxes), or dissipation (excess/housekeeping EPR).

There has been extensive work on generalizations of
the free energy [26-33] and excess/housekeeping decom-
positions [22,34-42] in nonconservative systems. The best-
known existing approach is based on nonequilibrium steady
states [33,35,43,44]. Here, the generalized free energy is
defined as the large-deviation rate function of steady-state
fluctuations, which in many cases is the relative entropy to
the steady-state distribution, sometimes called the “quasipo-
tential” [44]. In this approach, the excess EPR is defined as
the decrease of the quasipotential over time, and it captures
the nonstationary component of dissipation [36,38,45-47].
The housekeeping EPR is defined as the remainder, and it
captures the stationary component of dissipation. In the lit-
erature, this excess/housekeeping decomposition is termed
the “Hatano-Sasa” (HS) [36] or the “nonadiabatic/adiabatic”
decomposition [38,45-47].

The quasipotential is very useful for studying stability and
fluctuations of stationary systems. However, as we discuss
below, it is not as useful for studying transient systems away
from steady state, nor for deriving transient relations such
as TSLs. Fundamentally, this is because the quasipotential is
defined in terms of steady-state statistics, rather than “local-
in-time” statistics of a transient system.

Our definition of the generalized free energy and the ex-
cess/housekeeping decomposition is based on a variational
principle, and it makes no explicit reference to steady states.
This principle is universally applicable to stochastic and

deterministic discrete systems, including stochastic master
equations as well as closed and open deterministic chemi-
cal reaction networks (CRNs) with arbitrary kinetics. As we
show, this variational principle can be understood in terms of
dynamical large deviations of local-in-time flux fluctuations.
From this perspective, the excess EPR quantifies the statis-
tical irreversibility of state dynamics, while the generalized
free energy is the “most irreversible” observable—the least
likely to evolve backward in time due to a stochastic fluc-
tuation. The connection to large deviations means that our
generalized free energy and excess EPR are directly related
to fluctuation statistics, allowing for practical thermodynamic
inference [48]. A brief summary of our results and comparison
with the steady-state approach is provided in Table I.

In addition, we derive a tight TSL that relates our ex-
cess EPR to dynamical activity and speed of evolution.
Importantly, speed is measured in terms of optimal-transport
distance (1-Wasserstein) [11,19,49]. This distance is sensitive
to the system’s internal topology, thus capturing important
dynamical constraints. In open systems, including stationary
ones, our TSL bounds internal dissipation in terms of activity
and the velocity of the external fluxes.

Along the way, we highlight fundamental connections
to several theoretical frameworks. In particular, we relate
our excess/housekeeping decomposition to the celebrated
Pythagorean theorem from information geometry [50], and we
relate the linear-response regime of our approach to Onsager
theory and thermodynamic length [15].

Our results are illustrated on three examples. The first is a
simple unicyclic master equation, where we demonstrate im-
portant differences between our approach and the steady-state
HS approach. The second example is the Brusselator, a non-
linear chemical oscillator, where we derive our decomposition
in closed form and demonstrate a general TSL for limit-cycle
oscillators. The third example is a set of real-world metabolic
networks, modeled as open CRNs in steady state. Using our
TSL, we quantify the efficiency of several metabolic path-
ways. We also use our excess/housekeeping decomposition to
identify futile metabolic cycles and quantify their associated
dissipation.

The paper is laid out as follows. In the next section, we
describe our physical setup and formalism. Section III A pro-
vides background on nonequilibrium free energy in conserva-
tive systems and its generalization based on nonequilibrium
steady states. Section IV introduces our variational principle
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for conservative systems. Section V extends this variational
principle to nonconservative systems, introduces the ex-
cess/housekeeping decomposition, and discusses its behavior
under coarse graining. It also considers the linear-response
regime and makes connections to information geometry, On-
sager theory, and thermodynamic length. Section VI relates
our approach to dynamical large deviations and derives a ther-
modynamic uncertainty relation (TUR). Section VII derives
a TSL for excess entropy production based on Wasserstein
distance. Section VIII illustrates our approach on several ex-
amples, including real-world metabolic networks. Section IX
compares our proposal to several previous approaches, includ-
ing ones based on Euclidean-Onsager geometry [22], Hessian
geometry [51,52], and the steady-state approach. We finish in
Sec. X with a discussion and suggestions for future work.

Appendixes A and B discuss nonlinear master equa-
tions and systems with odd variables. Supporting derivations
and additional numerical comparisons are found in the
Supplemental Material [53].

II. SETUP AND PRELIMINARIES

Before proceeding, we fix notation. Vectors are writ-
ten in bold, a= (a;,as,...) € RY, including the spe-
cial vectors 0=1(0,0,0,...) and 1=(1,1,1,...). We
use ¢% a’, lal,... to indicate elementwise operations,
for example, e®:= (e™,e™,...). The notation aob :=
(a1by, azb,, . ..) indicates elementwise multiplication and
a/b := (a;/by, ay /by, ...) indicates elementwise division. As
discussed below, V refers to the stoichiometric matrix, and it
acts like the discrete gradient operator. To avoid confusion,
we write the usual gradient of a function f:R¢ — R as

grad, f = (0, f, ..., O, f)-

A. States, reactions, and dynamics

We focus on discrete Markovian systems with general (lin-
ear or nonlinear) dynamics. As special cases, this includes
Markov jump processes (MJPs) that represent the transport
of probability between microstates in stochastic systems. It
also includes deterministic chemical reaction networks used to
model chemical systems in the large-volume limit [46,54,55].
Continuous-state systems are briefly mentioned in Sec. IX A
and non-Markovian systems in Sec. X.

The system’s thermodynamic state at time ¢ is specified
by a non-negative vector x(¢) = (x;(¢), ..., x4(t)) € Rf’F We
always use the term state to refer to the system’s thermo-
dynamic state x(¢#). When referring to the microstates, we
do so explicitly. The term state function refers to functions
[ ]Rﬂ’r — R. The term state observable refers to functions
over microstates/species, represented by vectors ¢ € R¢.

In an MJP, the state is a probability distribution over d
microstates (or coarse-grained “mesostates”). For notational
clarity, when referring to probability distributions, we some-
times write the state x as p. In a deterministic chemical
reaction network, the state is an unnormalized vector of con-
centrations of d chemical species. For notational clarity, when
referring to a deterministic concentration vector, we some-
times write the state x as c.

The system is associated with m one-way transitions or
reactions indexed by p € {1, ..., m}, corresponding to jumps
between microstates in an MJP or one-way chemical reac-
tions in a CRN. We use the term reaction observable to refer
to functions of individual reactions, represented by a vector
0 € R™. As an example, the reaction observable # may indi-
cate heat exchanges; then, 6, indicates the number of joules
released to (or absorbed from) a heat bath during reaction p.
Except where otherwise noted, we make no assumptions about
the nature of reaction observables @ (like antisymmetry).

The one-way flux of reaction p is the expected number
of reactions per unit time and volume, written as j,(x(¢), 7).
The flux depends on state x(¢) through system-specific ki-
netics, and on time ¢ due to external driving (i.e., changing
control parameters). Except where otherwise noted, we make
no assumptions about the kinetics or external driving. The
entire set of one-way fluxes is represented by the vector
J=Gtoeoosjm) R

The system may also be open to exchange matter with the
environment via inflows and outflows, as in a flow reactor. The
exchanges are encoded in the vector I(x(¢),1) € R?, where
I;(x(t), t) is the net outflow (outflow minus inflow) of species
i for state x(r) and time . We will refer to exchanges encoded
by I as the external fluxes. As we discuss below, chemi-
cal systems may also be open to exchanges with external
“chemostated” species that are kept at constant concentra-
tions.

The system’s state evolves according to

x=V'j—1I, (1)

where V € Z"*? is a matrix whose entries V,; indicate the
amount of i created or destroyed by reaction p. We often
leave dependence on time ¢ and/or state x implicit, as in
Eq. (1). The quantity V' j, which we sometimes call the net
production, is the change of species due to reaction fluxes.
Equation (1) expresses the state evolution as a combination of
net production and external fluxes. In closed systems, the state
evolution is equal to net production.

The matrix V € Z"*? is called the incidence matrix in
MIPs and the stoichiometric matrix in CRNs. (Note that our
convention differs from some of the literature, where “stoi-
chiometric matrix” often refers to the transposed matrix V' €
Z4*m ) Equation (1) can be interpreted as a discrete continuity
equation, where the matrix V' acts as the negative discrete
divergence operator. In turn, the stoichiometric matrix V acts
like the discrete gradient operator: The net increase of any
state observable ¢ due to reaction p is [V@], = D, V,i¢:.

B. Thermodynamic forces and entropy production

Each one-way reaction p is associated with a reverse flux
Jo» where j = (ji, ..., jm) indicates the vector of all reverse
fluxes. We sometimes refer to j as the forward fluxes to
distinguish them from the reverse fluxes j. Each reaction p
is associated with a (thermodynamic) force, sometimes called
“reaction affinity” or “affinity” in the literature, defined as the
log ratio of the forward and reverse fluxes,

fo=1In {—p 2)
Jp
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We represent the forces across all reactions using the vector

f=mi=(h . f0eR"
J
Like the fluxes, the forces generally depend on the state x and
time ¢, although we leave this implicit in our notation.

For simplicity, in the main text, we focus on systems with-
out odd variables (such as velocities or momenta). However,
many of our results generalize to systems with odd variables;
see Appendix B for more details. In systems without odd

variables, each reaction p € {1, ..., m} is associated one to
one with a reverse reaction p € {1, ..., m} such that
Vpi = _V[)iv j,D = ]p (3)

Observe thgt dpde =2 pJp since' rever.sal is one to one.

Our main thermodynamic quantity of interest is the entropy
production rate. For systems without odd variables, the EPR
is written as

T .
o= jymF=j'f. @
p Io
Using Eq. (3), we may also write it as
1 N |
0 =52 Up— it >0 )
P Jp
The total entropy production (EP) over time 0 < ¢t < T is

T
2:/ o(t)dt, ©)
0

where o () is the EPR incurred by the fluxes j(¢) at time 7. We
always write thermodynamic quantities (free energy, forces,
chemical potentials, etc.) in dimensionless units.

EPR vanishes only when the reverse and forward fluxes are
equal (j = J), equivalently when the forces vanish (f = 0);
thus, it quantifies the dynamical irreversibility of the system’s
fluxes. EPR acquires additional thermodynamic meaning
when the condition of local detailed balance (LDB) holds,
which says that the force f,, associated with each reaction
p is equal to the increase of thermodynamic entropy of the
system and its environment due to that reaction [46,55,56].
Assuming LDB, EPR is the expected rate of increase of the
thermodynamic entropy of the system and its environment.

C. Example: Markov jump process

To illustrate our formalism, we consider an MJP that repre-
sents a stochastic system with d microstates, coupled to one or
more thermodynamic reservoirs indexed by «. The probability
distribution p evolves according to a master equation,

d
pi=Y_> (PR — piRS,), (7)

a  j=1

where RY; is the transition rate from microstate i to microstate
J mediated by reservoir o [57].

In our formalism, there is a one-way reaction p for each
transition i — j mediated by reservoir «. It has incidence
matrix entries

Vi = 8kj — bi (8)

Example: 2-level Markov jump process (MJP)

Ry,

Incidence

matrix Fluxes Reverse fluxes Forces

152 -1 1 RS R¢ In 21002
4 b1fin p2lvyy p2RY,

o C p2Riy
251 1 -1 paRS| | miRS, In e
V= j= j= f= h

h F p1Ry,

149 -11 p1R3 paltly In 2. Rf,
h pa R,
D51 1 -1 paRY, p1RY, In 7})? Ri{

Continuity equation
~ . j2 — J1+ Ja— J3
=VTj= |2 T
P J J1—J2+J3—J4

FIG. 1. Formalism illustrated on a two-level MJP coupled to a
pair of heat baths, with distribution p = (p, p,). Transitions occur
with rates RS, and R{, when exchanging energy with the cold bath at
inverse temperature ., and with rates R, and R/, when exchanging
energy with the hot bath at inverse temperature f),. The four one-way
transitions are characterized by the incidence matrix, forward and
reverse flux vectors, and force vector.

and flux j, = piR%. The reverse flux j, = p,RY; is the for-
ward flux across the reverse reaction p (transition j — i
mediated by «). In a standard MJP, there are no inflows or
outflows, so I = 0. Given these definitions, the continuity
equation (1) is equivalent to the master equation (7). The force
across each reaction is

. o

ﬁ=m£=mﬁﬁ. 9)
Jo Rip;

In Fig. 1, we illustrate our formalism on a simple MJP that
represents a two-level system coupled to a pair of heat baths.
We consider this example again in Sec. V B.

As discussed in Appendix A, our formalism can also be
applied to “nonlinear MJPs,” sometimes used to model many-
body systems with mean-field interactions.

D. Example: Chemical reaction network

We illustrate our formalism using a CRN with d chemical
species and k reversible reactions,

d d
}:wxﬁ:Ejmx; vre{l,... k), (10
i=1 i=1

where v,; and k,; specify the stoichiometry of species i as
reactant and product in reaction r. The forward and reverse
fluxes across each reversible reaction r are indicated as j;'
and j~. These fluxes generally depend on the concentration
vector ¢, possibly in a nonlinear manner. For instance, for
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Example: Brusselator Chemical Reaction Network (CRN)

Kt ks Xy X
0= X X=X Xy = X
ki ky X, ki X
Stoichiometric
matrix Fluxes Reverse fluxes Forces
' (1 0] [ kfr ] [ ciky ] _ln kf:_
c1ky
X -0 -10 crky ki In %
X = X -1 1 orky coky In %f
V= = j= = €2"2
X, - X, 1 -1 I coky / c1 k;r f In €2k2
c1 k;r
2X,+X,—3X, 1 -1 2okt 3= eaky
TAPAGS 1 (IIQkJ (1/€5 ln clk;
3X=2X +X, -11 ks Aeokd In 2—23;—
L J L | L ] 3
Continuity equation
e=vTj— N —Je+Ja—Js+Js —Je
| J2—J1+tJ3—JatJe—Js

FIG. 2. Formalism illustrated on the Brusselator CRN, a non-
linear chemical oscillator, with concentrations ¢ = (cy, ¢;). There
are two species Xj, X, and three reversible reactions: @ = X; (in-
flow), X; = X, (conversion), and 2X; + X, = 3X; (second-order
autocatalysis). The six one-way reactions are characterized by the
stoichiometric matrix, forward and reverse flux vectors, and thermo-
dynamic forces.

mass-action kinetics, the forward flux for reaction r is
d
jr =kt ]_[c;ff, (11)
i=1

where kI is the forward rate constant of reaction r.

In our formalism, each reversible reaction r € {1, ..., k} is
treated as two one-way reactions (p, p) with fluxes j, = j,
jp = j, and stoichiometry V,; = «,; — v;; = —Vjp;. As men-
tioned above, a CRN can be open due to inflows and outflows,
as specified by the flow vector I. The concentrations ¢ evolve
according to Eq. (1), sometimes called the “reaction rate equa-
tion” in the CRN literature.

In Fig. 2, we illustrate our formalism on the Brussela-
tor [58], a simple chemical oscillator. We also consider this
example in Sec. VIII B.

In addition to inflows and outflows I, a CRN may be open
due to presence of “external” species. Such species are not
included in the concentration vector ¢ or the stoichiometric
matrix V, although their concentrations may still affect ki-
netics of reactions (via pseudo-rate constants). This is often
used to represent “‘chemostatting,” where the concentrations
of some species are externally controlled [46]. For example,
Prigogine’s original model of the Brusselator [58] has four
additional species coupled to synthesis/degradation of X; and
conversion X; = X,. The simplified Brusselator model in
Fig. 2 is derived by assuming that these four species have
constant concentrations and thus can be eliminated from the
model.

Our general formalism applies to arbitrary CRNs, but the
condition of LDB requires further physical assumptions. LDB

is valid for reversible elementary reactions, including some
nonideal systems with non-mass-action kinetics [59]. LDB
is also valid for some types of nonelementary reactions,
including reversible Michaelis-Menten kinetics [60], under
appropriate definitions of forward and reverse fluxes [61-63].

E. Relative entropy

Relative entropy is an information-theoretic measure of
divergence that plays a central role in our work. The relative
entropy between a pair of states x,y € Rﬂ is defined as

d
D(xlly) := ) <x,~ ln’yif —x +y,->. (12)
i=1 !

It is always non-negative and vanishes only when x =y.
We use a generalized version of relative entropy, appropriate
for unnormalized states that may not sum to unity (such as
concentration vectors in CRNs). For normalized probability
distributions, it reduces to the well-known Kullback-Leibler

divergence, D(pllq) = }_; piIn(pi/qi).
We also consider the relative entropy between pairs of flux
vectors j, j/ € R™, written as

L ul P
DG =) | Jo L =+, |- (13)
p=1 o
We use the calligraphic D (rather than D) to distinguish the

relative entropy between fluxes.
Importantly, the EPR can be written as the relative entropy
between the forward and reverse fluxes,

o=D(llj)=) (jp % j,+ Jp) >0. (14
o Te

For systems without odd variables, this expression follows
from Eq. (4) and Y j, =Y j; = >_ j,. However, Eq. (14)
also correctly captures EPR for systems with odd variables,
where Eq. (4) may not apply (see Appendix B).

The generalized relative entropy (14) induces a decompo-
sition of EPR into non-negative contributions from individual
one-way reactions:

o = Za(p)’
P

The contribution from reaction p can also be written as

o = j,(f,—14+e ) >0. (16)

o -
o= j, 1nj—" —Jo+ o (15
P

Our EPR decomposition (15) is finer grained than the usual
one, which considers reversible reaction pairs [44, Eq. (68)]:

1 = . ~
o=3 08, o) =0 40" =Gy~ ),
p

III. BACKGROUND ON NONEQUILIBRIUM
FREE ENERGY

In this section, we review the concept of nonequilibrium
free energy in conservative systems. We then discuss a pre-
viously proposed generalization to nonconservative systems
based on steady states.
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A. Nonequilibrium free energy in conservative systems

We use the term conservative system to refer to a system
governed by a nonequilibrium free energy F(x,t). In such
systems, the thermodynamic forces can be expressed in terms
of the chemical potential u = grad, F(x, t) as

f=-Vu, a7

where V € R"™*? is the discrete gradient operator defined
above (i.e., stoichiometric matrix). Forces that have the gra-
dient form (17) are termed conservative forces.

The internal dynamics of a conservative system can be
expressed as a gradient flow for F. To show this, we write
the continuity equation (1) as

x=3V1(j-p-I1=V'Lf-1I (18)

Here, we used V'j = %VT( j —J), since reverse reactions
have antisymmetric stoichiometry, and defined L as a diag-
onal matrix with entries L,, = %jp(l —e1)/f, > 0. Using
Eq. (17), we can further write

¥ =—(V'LV)grad, F —I. (19)

The (first) net production term is a gradient flow for F (the
positive-semidefinite matrix V'LV defines a metric). The
relationship between conservative systems and gradient flows
was first derived for MJPs in Ref. [1] and CRNs with mass-
action kinetics in Ref. [2]. Since then, the connection between
gradient flows and large deviations has inspired an active
research program [64—66].

Consider a conservative system that relaxes without time-
dependent driving (F does not depend explicitly on time)
or external fluxes (I = 0). In this case, F decreases mono-
tonically over time until the system reaches a stationary
equilibrium state x°? of minimal nonequilibrium free energy.
At this state, the chemical potential reaches its equilibrium
value and the thermodynamic forces vanish:

p = grad F(x*9), f=-Vud=0.

By the definition of the thermodynamic forces, forward and
reverse fluxes in equilibrium must obey the condition of de-
tailed balance,

J*h) = jx). (20)

The condition of conservative forces (17) is invariant if p
is shifted by any null vector of V. Such null vectors repre-
sent conserved quantities that do not affect thermodynamic
forces. For our purposes, it will be convenient to consider
the equilibrium chemical potential as a reference null vector
(recall =V = 0) and define ¢! = u — u®4 as the purely
nonequilibrium contribution to the chemical potential,

f=—V¢. 1)

We usually refer to ¢°? as the “free energy potential.”

The preceding statements hold for any conservative sys-
tem. However, things become less abstract for MJPs [6] and
ideal CRNs with mass-action kinetics [46]. In these cases,
¢°4 has an explicit form given by the gradient of the relative
entropy between the current state and the equilibrium state:

¢ = grad D(x[x), ¢S =1In )% (22)

i

As a concrete example, consider an MJP that evolves ac-
cording to Eq. (7). Suppose there is a single reservoir and
an equilibrium distribution p®? that obeys detailed balance,
P;i'Rji = p'Rij. Then, given any other distribution p, the
forces f, := In(piR;i/pjRij) = ¢;' — ¢} are conservative for
the potential ¢;* = In(p;/p;").

The relative entropy D(x|x®?) in Eq. (22) quantifies the
purely nonequilibrium contribution to F [6],

D(x||x*) = F(x) — F(x*). (23)

It appears under many names in the literature, including
“pseudo-Helmholtz function” [46], “shear Lyapunov func-
tion” [46], negative “nonequilibrium Massieu potential” [67],
or simply “free energy” [4,28,68,69]. It plays a central role in
the thermodynamics of MJPs and closed ideal CRNs with con-
servative forces. For instance, it is proportional to the maximal
work that can be extracted while bringing such systems from x
to x® [5,6,46]. Conversely, its decrease under free relaxation
is equal to EPR [70],

o(t) = =3 Dx()||x*9) = —x "¢ > 0. (24)

The relative entropy has an important statistical interpretation
in large-deviation theory. Consider an ensemble of n inde-
pendent and identical fluctuating systems, and let P be the
empirical distribution of their microstates at a given point in
time. Due to stochastic fluctuations, P will itself be a random
variable. Under the equilibrium distribution p®l, the proba-
bility of observing the empirical distribution P =~ p due to a
fluctuation scales as [3,4,71]

Pr[P ~ p] =< ¢ "P@IF™), (25)

where =< indicates equality up to subexponential factors in the
scale parameter n. This type of expression is known as a large-
deviation principle (LDP), with the relative entropy D(x||x®9)
playing the role of the “rate function” [72]. Equation (25)
implies that distributions with larger nonequilibrium free en-
ergy are exponentially less likely to emerge from equilibrium
fluctuations. A similar result can be derived for stochastic
chemical systems. Consider an ideal well-mixed system in a
large reactor volume V, and let the random variable C indicate
the empirical concentration in an average subvolume. The
probability that concentration vector ¢ emerges as a fluctua-
tion, given true equilibrium concentrations ¢®4, scales as [73]

Pr[C =~ ¢] =< ¢V Pllle™, (26)

B. The steady-state approach to nonconservative systems

Recent work in thermodynamics has focused on noncon-
servative systems, whose forces cannot be expressed in the
form of Eq. (21) for any ¢. Such systems are not governed by
a nonequilibrium free energy and they have nonequilibrium
steady states that do not satisfy detailed balance.

Nonetheless, it has been suggested that it may be possible
to define a “generalized” free energy for nonconservative sys-
tems. A related idea is that the fluxes, forces, and EPR may
be decomposed into excess and housekeeping contributions.
In particular, EPR may be decomposed as

0 = Ogx + Ohk.- 27)
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The excess EPR is associated with the generalized free energy
and vanishes in steady state, while the housekeeping EPR is
the genuine nonequilibrium contribution arising from cyclic
fluxes.

The best-known generalized free energy and excess/
housekeeping decomposition is based on nonequilibrium
steady states [30,33,44]. In this approach, the generalized
free energy is defined as the large-deviation rate function
of steady-state fluctuations, written as @, sometimes called
the quasipotential. Let random variable X indicate the em-
pirical state averaged across a stochastic system of size V
[e.g., number of independent copies as in Eq. (25) or reactor
volume as in Eq. (26)]. Then, the quasipotential governs the
probability that some state x (distribution or concentration
vector) emerges as a steady-state fluctuation,

PriX ~x] < eV O, (28)

Importantly, the quasipotential decreases monotonically under
free relaxation; thus, it serves as a Lyapunov function [44].
However, the dynamics of nonconservative systems are not
a gradient flow for the quasipotential, nor any other state
function.

For systems described at the microscopic fluctuating level,
the quasipotential is the relative entropy between the system’s
actual distribution and the steady-state distribution, ®(p) =
D(p||p*). This quasipotential is also used to define an ex-
cess/housekeeping decomposition of EPR called the HS [36]
or the adiabatic/nonadiabatic [57] decomposition. In analogy
to Eq. (24), the HS excess EPR is the decrease of the quasipo-
tential due to relaxation,

Tep (1) := =3, D(p(1)||p™) > 0, (29)

where p*® is the steady-state distribution specified by the sys-
tem’s parameters at time ¢. It can be written in slightly more
explicit form as

Uel;[S — _ij¢Ss — _pT¢SS‘ (30)

Here, ¢™ := grad,D(p||p*) = In(p/p*) is the generalization
of the free energy potential, which we sometimes refer to as
the steady-state potential. [This terminology should not be
confused with the term “quasipotential,” which refers to a
function @ (x) over thermodynamic states.] The HS house-
keeping EPR is the remainder EPR,

i =0 — oS, (31

This housekeeping contribution is non-negative for MIJPs
without odd variables. (With odd variables, it can take on
unphysical negative values; see Appendix B.)

In systems described at the macroscopic level, includ-
ing deterministic CRNs, the situation is more complicated.
For CRNs that obey complex balance, the quasipotential is
simply the relative entropy ®g(c) = D(c||c**), where ¢* is
the steady-state concentration of the deterministic dynam-
ics (1) [73,74]. Excess and housekeeping EPR are defined
in direct analogy to Egs. (29) and (31) [71,74]. However,
complex balance is a highly restrictive condition that excludes
most CRNS, including those that exhibit rich nonlinear phe-
nomena like oscillations and chaos [47].

Without complex balance, the quasipotential ®(c) is no
longer the relative entropy D(c||c**) [44,75]. In fact, there may

not even exist a stable fixed point ¢* for the deterministic
dynamics (1), because the large-volume limit (used to derive
the deterministic CRN description) may not commute with the
long-time limit (used to derive steady-state behavior). This
phenomenon, known as Keizer’s paradox [76,77], highlights
the implicit choice of timescales involved in the large-volume
and long-time limits. In general deterministic CRNs, com-
puting ® is challenging, although sophisticated numerical
methods have been developed [78—82]. However, once it is
found, macroscopic HS excess and housekeeping EPR can
be defined as in Eqgs. (29) and (31), with the relative entropy
replaced by & [44].

The steady-state approach has found numerous applica-
tions in physics, chemistry, and biology. For example, it has
been used to study transition rates between stochastic attrac-
tors, quantify stability and fluctuations in stationarity, and
visualize potential landscapes that govern long-term relax-
ations [30,33,44,83,84].

On the other hand, the steady-state approach is less useful
for studying transient systems that never approach stationarity,
including systems observed over short timescales and systems
driven by changing external parameters and/or flows. Because
the quasipotential is defined via steady-state statistics, rather
than “local-in-time” properties such as instantaneous fluxes
or forces, its physical meaning is unclear in systems far from
steady state [41,85,86]. Importantly, the situation is different
in conservative systems. There, the quasipotential reduces to
the nonequilibrium free energy, which is directly related to in-
stantaneous forces by the conservative force expression (21).

In the following, we propose an alternative, local-in-
time definition of the generalized free energy and excess/
housekeeping decomposition. Our generalized free energy
is defined as the conservative part of the thermodynamic
forces, and the excess/housekeeping EPRs quantify the con-
servative/nonconservative contributions to dissipation. Using
large-deviation theory, we will show that our generalized free
energy governs short-time current fluctuations in the tran-
sient regime. This may be contrasted to the quasipotential
d,, which governs state fluctuations in the stationary regime.
Our definition is well suited to study dynamical properties
of transient systems, but less useful for studying stability
and fluctuations in stationarity. In this sense, our approach is
different and complementary to the steady-state approach.

IV. VARIATIONAL APPROACH:
CONSERVATIVE SYSTEMS

We now introduce our first set of results. Specifically, we
show that in conservative systems, the nonequilibrium free
energy can be derived from a variational principle that makes
no explicit reference to equilibrium states. We extend our
principle to nonconservative systems in Sec. V.

Before proceeding, recall from Eq. (14) that the EPR can
be expressed as the relative entropy between forward and
backward fluxes, ¢ = D(j||j). This allows us to express the
EPR in a variational way,

o =max[j 60— }'T(ea -1, (32)
fcR”
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where we maximize over all possible reaction observables.
To derive this expression, observe that ming D(j||j o ’) = 0,
since D(j||j o €o)|0:f = D(j|lj) = 0. Thus, we can write the
EPR as

o = DI ~min D[] o)
= m;lX[D(illi') —D(jlj o).

Equation (32) follows by expanding the relative entropy terms
and simplifying. The optimal observable 8* = f is unique due
to the strict concavity of the objective.

The variational expression (32) is the Legendre transform

of the function 8 > j' (¢ — 1) evaluated at j. As we will
see below, this function is the cumulant generating func-
tion (CGF) of dynamical fluctuations. In large deviations,
the variational expression (32) is often called the “Donsker-
Varadhan” form.

Equation (32) provides a family of lower bounds on the
EPR, one for each reaction observable. The EPR is achieved
by maximizing over the choice of observable, and the ther-
modynamic forces are recovered as the optimal observables.
In the setting of stochastic master equations, a related vari-
ational principle was recently proposed as a technique for
thermodynamic inference [87,88]. Moreover, it applies to
both conservative and nonconservative systems. However, in
conservative systems, the forces have the conservative form
f = —V ¢4 Therefore, we may restrict the optimization to
reaction observables having the form § = —V¢ for some state
observable ¢ € R?,

o =max[—j V¢ —] (V¢ —1)]. (33)
pcR4

This expression may be written using only the forward fluxes,

o =max[—j V¢ —j ("® —1)], (34)
PR

where we used j ' ¢V = jTeV from Eq. (3) and antisym-
metry of the stoichiometric matrix.

Equation (34) is a variational expression of the EPR in con-
servative systems. Taking derivatives shows that the optimal
¢* obeys

ViGoe")=-VTj. (35)

In conservative systems, the free energy potential satisfies this
relation, as can be verified using Eq. (21), thus ¢* = ¢*.
Moreover, due to strict concavity of the objective, ¢ is the
unique optimum, up to the choice of a null vector of V that
represents a conserved quantity. If desired, it is possible to
identify ¢°? that is consistent with the conserved quantities
encoded in x (see SM1 in the Supplemental Material [53]).
We may consider our variational principle (34) from per-
spective of convex duality [89]. Observe that Eq. (34) involves
the maximization of a concave objective over state observ-
ables. By duality, it has an equivalent formulation as the
minimization of a convex objective over flux vectors:

o = min D('[}).

where VI j'=V'j.  (36)
J'eRY

To show the equivalence, we write Eq. (36) in its Lagrangian
dual form [89, Chap. 5],

o =max min[DG'I|))+¢'V G -l (37)
¢cR? j'eR™

where ¢ € R? indicates the Lagrangian multipliers. The inner
optimization can be solved by taking derivatives. After a bit
of algebra, we find that the optimal fluxes have the form
J o e~V®. Plugging back into Eq. (37) and simplifying shows
equivalence to Eq. (34). The optimal Lagrange multipliers are
equal to ¢°4, while the optimal fluxes are equal to the actual
forward fluxes j* = jo e V¢" = j.

The variational expressions [Egs. (34)—(36)] comprise our
first set of results. They demonstrate that ¢°? may be derived
in a simple way from the fluxes, without any explicit reference
to equilibrium states.

V. VARIATIONAL APPROACH:
NONCONSERVATIVE SYSTEMS

This section contains most of our main results. We extend
our variational principle to nonconservative systems, which
leads to our definitions of the generalized free energy and
the excess/housekeeping decomposition. We also show that
our variational principle satisfies an important consistency
condition under coarse graining. We discuss connections to
information geometry and discuss the linear-response regime
of slow evolution.

A. Overview

As we show above, in conservative systems, the variational
principle for EPR (32) can be restricted to observables hav-
ing the gradient form @ = —V¢. This leads to a variational
expression of EPR and ¢! [Eq. (34)].

In nonconservative systems, restricting Eq. (32) to gradient
observables gives the following variational expression:

Oex = max[—j 'V — jT(e¥® —1)]. (38)
PR

This does not recover the full EPR unless all forces are
conservative. Instead, the value of 0., defines the excess
EPR, the conservative contribution to dissipation. For a tem-
porally extended process, the time-integrated excess EP is
Yex = faex(t)dt~

We have the lower bound o.x > 0, since the objective in
Eq. (38) vanishes when ¢ = 0. We also have the upper bound
oex < 0, since Eq. (38) is a restriction of the maximiza-
tion (32)to @ € ImV.

The optimal state observable ¢* in Eq. (38) defines our
generalized free energy potential, and —V¢* represents the
conservative contribution to the thermodynamic forces. In the
following, we refer to ¢* as the generalized potential. The
generalized potential satisfies the optimality condition,

Vioe™)=-VTj, (39)

which is the analog of Eq. (35). Recall that V' is the net
production of species due to reaction fluxes j. Equation (39)
defines ¢* by the property that net production is reversed
when the fluxes are exponentially tilted by V¢*. The opti-
mality condition (39) determines ¢* up to the null-space of
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V, representing conserved quantities. Although not necessary
for most of our results, ¢* can always be chosen within this
null-space to satisfy the system’s conservation laws (see SM1
in the Supplemental Material [53]).
Equation (38) can also be rearranged as
Oex = max[—2j ' Vo — jT(e¥P — Vo —1)].  (40)
¢cR4

The first term is twice the average change of ¢ due to reac-
tion fluxes. As we show below, the second term quantifies
the fluctuations of ¢, and it is always non-negative (since
¢ —x — 1 > 0 for all x). Since excess EPR is non-negative,
the generalized potential obeys

—j Ve >0, (41)

which reduces to —x'¢* > 0 in a closed system without
external fluxes. This is analogous to Eq. (24) in conservative
systems, —x ' ¢*1 > 0. Equation (41) implies that the net pro-
duction points downhill in the generalized potential. However,
Eq. (41) does not imply Lyapunov stability in the same way
as Eq. (24), because ¢* need not be the gradient of any state
function (like F).

The variational expression (38) is the central expression
of this paper. Its physical meaning is explored further below
in this section and in Sec. VI, where we relate it to large-
deviation theory and thermodynamic speed limits. To our
knowledge, this expression is largely unknown in stochastic
thermodynamics, either in conservative or nonconservative
systems. One exception is a paper by Shiraishi and Saito [90],
who proposed a different variational expression for EPR in
conservative MJPs. In Sec. VII D, we show that the result of
Ref. [90] is a special case of Eq. (34), allowing us to extend
the main result of Ref. [90] to nonconservative MJPs.

The numerical values of excess EPR and the generalized
potential can be found by solving the convex optimiza-
tion (38) using standard numerical algorithms. Also, as shown
in Sec. V D, these quantities can also be found in closed form
for a special class of systems (those with conservative forces
after coarse graining). Finally, for a time-extended process
characterized by a flux trajectory j(¢), the generalized poten-
tial can be found by solving an ordinary differential equation.
The time derivative of ¢*(¢) can be found by differentiating
both sides of Eq. (39) and rearranging. After simplifying, this
gives

¢'(1)=—3HV (Do +1), (42
where H;" is the pseudoinverse of the positive-semidefinite

matrix H, := 3V diag(j(t) o ¢¥¥©)V. Given a known ini-

tial ¢*(0), Eq. (42) can be solved to find ¢*(¢) at all ¢.
B. Example: Two-level MJP

To make things concrete, we illustrate our approach on a
minimal example, the two-level MJP from Fig. 1. For this
system, the dynamics obey

2= Jsi 475 = Jia = Ji
where p; = —p, by conservation of probability. The optimal-
ity condition (39) reduces to

P2 = —(j5 + j4)e? % + (i, + i) eI

This condition is satisfied by the potential

ic ih
¢ = (o, In M) 43)
Jar + Jan
which is unique up to a scalar constant (the null-space of V
is one dimensional, representing conservation of probability).
Plugging ¢* into Eq. (38) and simplifying gives
; ; c . Ja1 + J2i
e = (J51 + J3 = Jiy = Ji2) In 2=t
ex ( 21 T J21 12 12) o+ il

In this example, the excess EPR is the same as the EPR
incurred by a system with two one-way fluxes: the forward
flux j§, + j% and the reverse flux j¢, + j,. (We will see
below that this exemplifies a more general “coarse-graining”
principle.) Equation (44) suggests an “effective” conservative
force across the transition 1 — 2,

(44)

s+ i fr ff
In==——===(Inp; + B E)) — (Inp> + B~ E2),
Jin U1
where B°f = (In 2%‘12%1
12 12
temperature and E, E; refer to microstate energies. Note that
B¢ does not depend on the probability distribution p, only on

the energy gap and the kinetics.

)/(E1 — E») is an effective inverse

C. Excess EPR and nonstationarity

As mentioned, excess EPR captures the conservative con-
tribution to EPR. Here, we use duality to show that it can
also be understood as quantifying the nonstationarity of the
dynamics.

The variational expression (38) has the dual form,

oo = min D('Ij).  where VIj'=Vj,  45)
J'eRY

derived in the same way as Eq. (36). The generalized po-
tential ¢* specifies the optimal Lagrange multipliers for the
constraints. The optimal fluxes, written as

jr=joe V¥, (46)

are generally not equal to the forward fluxes j, except in
conservative systems. The excess EPR can be expressed using
these optimal fluxes as

Tex = D [17)- 47)

Excess EPR vanishes when the reverse fluxes satisfy the con-
straints V' j = V' j, which is equivalent to V'j = 0 due to
antisymmetry. The optimality condition (39) implies that the
generalized potential also vanishes when V'j =0 = ¢* =
0. In other words, the excess EPR and generalized potential
vanish when net production vanishes, vT J=0.In a closed
system without external fluxes, ¥ = V' j; therefore, they van-
ish precisely in steady state.

Equation (45) allows us to interpret our excess EPR as an
information-theoretic optimal-transport cost [91]. In general,
“optimal transport” studies the minimal cost of transforming a
system between two states, thus giving operational definitions
of distance and speed [92]. Equation (45) implies that the
excess EPR is the minimal cost necessary to achieve the same
dynamical evolution as that induced by the true fluxes, V.
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The information-theoretic cost function j — D(j’||j) quan-
tifies the breaking of time-reversal symmetry relative to the
reverse fluxes j. We discuss the relation to another optimal-
transport distance (Wasserstein distance) in Sec. VII.

D. Consistency under coarse graining

Our generalized potential and excess EPR satisfy an impor-
tant consistency condition under coarse graining. To introduce
this idea, observe that a system may have multiple different
reactions with the same stoichiometry. In fact, this is a com-
mon way to drive nonconservative systems. For example, in
the two-level MJP discussed above (Fig. 1), the two reversible
transitions between levels 1 and 2 have identical stoichiom-
etry. As a result, the incidence matrix V has duplicate rows
(1, 3 and 2, 4). As another example, in the Brusselator CRN
(Fig. 2), the reversible reactions X; = X, and 2X; + X, =
3X; have opposite stoichiometry. As a result, V has duplicate
rows (3, 6 and 4, 5).

We now introduce a coarse-graining procedure that com-
bines reactions with the same stoichiometry. Given a stoichio-
metric matrix V, the coarse-grained stoichiometric matrix is
defined as V € Z"*¢ (m' < m), where any duplicate rows
(reactions with the same stoichiometry) are merged. Coarse-
grained forward fluxes j € R’f are defined by summing fluxes
Jp from merged reactions, and similarly for the coarse-grained

reverse fluxes j € R’f. In an MJP where the same transitions
are mediated by different reservoirs «, the coarse-graining
procedure will sum rate matrices induced by different reser-
voirs, R =), R*.

Itis clear that this coarse graining preserves net production,
vVij= va. The quantity j'(eV® — 1), which appears in
our variational principle (38), is also invariant under coarse
graining:

JHE? =1 =" - 1. (48)
In Sec. VI, we show that this is the cumulant generating func-
tion of dynamical fluctuations of ¢, so Eq. (48) implies that
these fluctuations are invariant under coarse graining. Finally,
our variational principle (38) is also invariant; therefore, our
excess EPR o, and generalized potential ¢* are the same,
regardless of whether they are defined using (j, V) or (j, V).

This coarse graining has practical implications, as it some-
times allows the generalized potential and excess EPR to be
found in closed form. Consider the class of systems that have
conservative coarse-grained forces:

F=wG/)=-V¢ (49)

for some ¢. Then, the excess EPR is given by the regular EPR
at the level of the coarse-grained fluxes,

ox(J) = 66)((;) = O—(j)’ (50)

and ¢* is equal to ¢ from Eq. (49). In such cases, ¢* can
be found directly by inspecting the linear system of equa-
tions (49), eliminating the need for numerical optimization.
This technique was implicitly used to find ¢* for the two-level
MIJP in the previous example, as in Eq. (43). The same tech-
nique will be used in the Brusselator example in Sec. VIII B.

E. Housekeeping entropy production and the excess/
housekeeping decomposition

‘We now consider the housekeeping EPR, the nonconserva-
tive part of the dissipation, defined as

Ohk ‘= O — Ogx. (5D

Since the excess EPR satisfies 0 < oex < 0, the housekeeping
EPR also obeys the bounds 0 < oy < o. For a temporally
extended process, the time-integrated housekeeping EP is
Sk = [ on(t)dt.

The housekeeping EPR has a variational expression:

o = min D(j[lj o e™V?) = D(j|Ij*), (52)
PR

where the optimal fluxes are j* = j o e~V as in Eq. (46).
This result is derived by plugging Eq. (38) into on =
D(jllj) — oex, expanding the definition of D, and rearranging.
To clarify the meaning of Eq. (52), we introduce the nota-
tion
2010) :=D(joe’llj oe) (53)
to indicate the relative entropy between pairs of flux vectors
in the exponentially tilted parametric family

0 joé. (54)
Using this notation, the housekeeping EPR may be written as

Ohk = ;Qliéld ZfI-Vé) = Z2(f-Ve"). (55)

In this form, we see that the housekeeping EPR quantifies
the information-geometric distance between the actual forces
f and the closest conservative forces —V¢ (for some ¢).
It vanishes when the forces are conservative, and oth-
erwise quantifies their “nonconservative-ness.” From this
perspective, the generalized potential ¢*, which achieves the
minimum in Eq. (55), provides the “best conservative approx-
imation” of the forces.

Equation (55) implies that housekeeping EPR vanishes
whenever f belongs to the image of the stoichiometric matrix
V. This leads to a simple necessary condition for nonvanish-
ing housekeeping EPR, expressed as an algebraic property of
V:

opk > 0 onlyif rankV < m/2, (56)

since otherwise it is always possible to express f = —V¢ for
some ¢. The relevant dimensionality is m/2 (rather than m)
due to the antisymmetry of f and V [93].

Interestingly, the excess and housekeeping decomposition
can be defined at the level of the forces, fluxes, and dissipa-
tion of individual reactions. This fine-grained decomposition
allows us to classify the contribution of individual reac-
tions to state evolution versus cyclic fluxes. The forces are
decomposed into conservative and nonconservative parts as

f = fex +fhk’ where
fax=—V¢'=In=, fu:=f+Ve¢'=In=. (57)
Similarly, the fluxes are decomposed as j = j, + jyx, Where

jex ::j*’ jhk ::j_j*- (58)
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(a) Flux space . (b) Force space
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FIG. 3. Information-geometric  interpretation = of  excess/
housekeeping decomposition. (a) The EPR o = D(j|j) is the
relative entropy from the forward fluxes j to the reverse fluxes j.
Excess EPR o, is defined by the projection of j onto the set of
fluxes that give the actual time evolution (orange line) [Eq. (45)].
Excess/housekeeping provides an orthogonal decomposition of the
EPR in flux space [Eq. (60)]. (b) In the space of forces, the EPR
o = 2(f10) is the relative entropy from the actual forces f to the
origin 0. Housekeeping EPR is defined by the (dual) projection of
the forces onto the set of conservative forces (blue plane) [Eq. (55)].
Excess/housekeeping provides an orthogonal decomposition of the
EPR in force space [Eq. (61)]. The two projections meet at the point
corresponding to the generalized potential ¢*.

We draw attention to two subtle points. First, if one defines
the “reverse” excess fluxes as [f.], = [je]5 then the excess
fluxes have thermodynamic forces In(j.,/joy) = fex — frx =
—2V¢* — f; thus, one should not think of the excess fluxes
as being conservative for the potential ¢*. Second, the house-
keeping fluxes ji; should be interpreted as net fluxes (rather
than one way), because their entries may be positive or neg-
ative. These are cyclic fluxes (VT ji, = 0) that contribute to
dissipation without changing the state, and they vanish if and
only if the forces are conservative.

Finally, we decompose the dissipation incurred by individ-
ual reactions into excess and housekeeping contributions. In
the same way that we decomposed total EPR in Eq. (16),
WE WIItE Oex = P ol? and oy = > ) atf]f ). where the non-
negative contributions from reaction p are

o) = i (forp — 1+ 0) > 0,
o = jy(fakp — 1 +e M)y >0, (59)

which may be derived from Egs. (47) and (52), respectively.
o and oﬁf) vanish only when fi, =0 and fy ,=0,
respectively. We note that the excess/housekeeping de-
composition does not always commute with the reaction

decomposition, so in general o # o) + o).

F. Information-geometric interpretation

Our excess/housekeeping decomposition can be inter-
preted in terms of information geometry, as shown in Fig. 3.
In the space of fluxes, we write our decomposition as

D(illj) = DG*IIH) + Dy - (60)
—— ———— N——
o Oex Ohk

This expression is an instance of the Pythagorean relation
from information geometry [50,94]. It is analogous to the
Pythagorean relation from Euclidean geometry, except that
squared Euclidean distance is replaced by relative entropy. Ex-

cess and housekeeping provide an orthogonal decomposition
of EPR, as illustrated in Fig. 3(a). Orthogonality reflects the
fact that the excess EPR (45) is defined by an (information-
geometric) projection of j onto a linear subspace [94]: the
subspace of fluxes that induce the same time evolution as the
actual fluxes, V'j = VTj.

The same decomposition can be expressed in the dual
space of forces [see Fig. 3(b)]. Using notation (53), we write

2(f10) = 2(=V¢*[0) + 2(f||-V¢"). (61
——

o Oex Ohk

Here, orthogonality arises because the housekeeping EPR (55)
is defined by the dual projection of the forces f onto the
flat manifold [50]: the manifold of conservative forces,
f'=—V¢, for some ¢. These two projections recover
the same point, corresponding to the generalized potential
¢ [95].

Surprisingly, there has been almost no work on decom-
posing entropy production using the information-geometric
Pythagorean relation at the level of fluxes or trajectories. One
exception is Ref. [96], where entropy production was decom-
posed into partial contributions from individual subsystems.
Also, Ref. [51] explored information-geometric decomposi-
tions using a different divergence (not relative entropy).

G. Linear response

Here, we consider our variational principle in the linear-
response regime V' j &~ 0 around vanishing net production.
For closed systems, x = vT J, so this is the regime of
slow evolution. Below, we show that our generalized po-
tential obeys Onsager relations, with transport coefficients
given by short-time diffusion coefficients. In this sense, our
linear-response regime generalizes Onsager theory to far-
from-equilibrium and nonconservative systems.

Recall that ¢* = 0 when VT j = 0. To consider the linear-
response regime, we expand the variational principle (40) to
second order around ¢ ~ 0, giving

Oex ~ max[—2¢'V'j — ¢ He], (62)
PR
where we introduced the matrix
H = 1V diag(j)V. (63)

For the special case of an MJP with rate matrix R, it has a
more explicit expression as

1 |—PiRji — pjRij, i # J,
Hi=3 ¢ o 6
2 Zk(¢,‘)(PiRki + piRiy), i= .
Equation (62) can be solved to write the excess EPR as
Oex X~ jIVHVTj, (65)

where H™ is the pseudoinverse.
The optimal observable in Eq. (62) satisfies the linear-
response version of Eq. (39) [97],

V'j~—-H¢*, ¢ ~—-H'V'j. (66)
This is a linear Onsager phenomenological relation

[98, Chap. 7] that connects the generalized potential ¢* to
dynamics. The matrices H and H are positive semidefinite
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and symmetric; thus, Onsager’s reciprocal relations are
satisfied. The matrix H specifies the mobility coefficients,
while H™' specifies the friction coefficients. In the next
section, we will see that H governs the variance of short-time
dynamical fluctuations. The linear-response approximation is
valid when net production (V7 j) is small, relative to the scale
of dynamical fluctuations (H).

Next, we consider a closed system, where x = vT J. Then,
we can express the excess EPR as

Oex X H'x. (67)

This defines a Riemannian geometry over thermodynamic
states: oex acts as the square of the line element and the
friction tensor H acts as the Riemannian metric [note that
it implicitly depends on the state and time via the fluxes
Jx(t), t)]. This can be used to define thermodynamic length
for slow-evolving nonconservative systems, thereby general-
izing the thermodynamic geometry originally developed for
conservative systems [16].

Equation (67) does not assume proximity to or existence of
the steady state. Nonetheless, we may also consider a closed
system that remains close to steady state, x ~ x*. We can then
further approximate the excess EPR as

Oex A X THIX®, (68)

where HJ is the friction matrix evaluated at steady-state
fluxes j(x*(¢),t) and x* is the change of the steady state
due to driving. Equation (68) is quadratic in the speed of
driving x*, so the total excess EP incurred over the course of a
process, XLex(T) = fOT 0ex (1) dt, vanishes in the limit of slow
driving [T — oo and x* = O(1/T)]. This can be interpreted
as a generalized Clausius equality [39] for our excess EP.

For closed systems, the linear-response analysis high-
lights the similarity to Onsager’s variational principle
(OVP) [98-100], also called the “least dissipation principle.”
In its usual form, OVP says that the evolution x is determined
by a balance between free energy input and dissipation due to
friction. In our notation, this can be expressed as a variational
principle for the state evolution, given a fixed generalized
potential ¢*:

Oex A max [—25"¢" —y Hyl, (69)
yeimvVT
where the optimal y recovers the system’s actual evolution,
x X —Hy¢". (70)

In our setting, however, we are interested in the “inverse”
problem of inferring the generalized potential ¢* from a given
state evolution x, giving Eq. (62). For a closed system near
steady state, this gives

¢~ —Hlx. (71)
This inverse form of the OVP is sometimes called “Gyarmati’s
variational principle” [100-102].
VI. LARGE DEVIATIONS AND THERMODYNAMIC
UNCERTAINTY RELATIONS

Above, we introduced the variational principle (38) and
used it to define our generalized potential and excess/

housekeeping decomposition. Here, we show that this vari-
ational principle has an intuitive physical interpretation in
terms of dynamical large deviations. In particular, we show
that our excess EPR governs the irreversibility of state dy-
namics and that the generalized potential can be understood
as the “most irreversible” state observable. We also derive a
thermodynamic uncertainty relation that allows for practical
thermodynamic inference.

A. Dynamical large deviations: Excess EPR

Imagine that one makes n independent measurements of
a Markovian stochastic system over a short time interval
[t,t + dt]. These copies may represent different particles,
unit volumes in a chemical reactor, or trial runs of the same
experiment [103]. In these measurements, the number of times
each reaction occurs will exhibit stochastic fluctuations. For
each reaction p, let the random variable Jf)”) indicate the
empirical flux, the mean number of reaction events per copy
and per unit time. The reactions may correspond to transitions
between microstates, as in a general MJP, or to macroscopic
chemical reactions, as in a chemical master equation. We
write J = (Jl("), ..., i) to indicate the vector of empirical
fluxes across all reactions.

The empirical fluxes are said to obey a large-deviation
principle if, for large n, their probability distribution scales
as

Pr[J(n) ~ g] — e \L’(g)dt’

where W(g) is the rate function. This may be termed a many-
particle dynamical LDP, since it concerns fluctuations of a
dynamical quantity (the fluxes) across independent copies.

In MJPs [104] and ideal CRNs [105], the rate function
is known to be the generalized relative entropy D (13). In
particular, the empirical flux LDP is

Pr[J(") ~ gl < e—n’D(gHj)dt’ (72)

where j = E[J 9] are the mean fluxes. (See Lazarescu et al.
[105] for the derivation for well-mixed CRNs with elementary
reactions and mass-action kinetics.) In the rest of this section,
we assume that the rate function has this form.

EPR has a simple interpretation in terms of statistical fluc-
tuations. In the limit of many copies, the empirical fluxes
converge to their expectation values, j. At a finite n, however,
there is a finite probability that the empirical fluxes move
“backward in time” due to a statistical fluctuation, taking the
value of the expected reverse fluxes j. Given Eq. (72), the
probability of this time reversal scales as the EPR,

PrlJ® ~ j] < e "W (73)

which follows from D(]'Hj) = D(j||]') = o (j) (assuming no
odd variables). Time reversal is exponentially rare, except
in equilibrium (o = 0) when the system has no direction of
time. Equation (73) gives a statistical interpretation of EPR,
independent of thermodynamic quantities like heat and work.

Instead of considering time reversal of all fluxes, as in
Eq. (73), one may consider the time reversal of net produc-
tion, i.e., the state change due to reactions. The empirical
net production is given by the random variable V' J", and
the probability of its time reversal is Pr[V'J"™ ~ —VTj] <
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e™"V'd" The rate function W' may be computed using the

“contraction principle” [106, Sec. 2.3], which says that LDP
governing a set of events is determined by the most likely
event. In this case, the rate function is expressed via the
optimization problem,

W' = min D(g|j), whereVig=—-V'j.
geR?

Using a change of variables and antisymmetry (3), we see that
this is equivalent to the variational expression (45) for excess
EPR. Thus, for the empirical net production, the probability
of time reversal scales as the excess EPR,

Pr[VJW ~ —VTj] = e oD, (74)

This provides a physically meaningful and operational inter-
pretation of excess EPR in terms of statistical irreversibility.

It is illuminating to compare Eq. (74), the large-deviation
expression for excess EPR, and Eq. (28), the large-deviation
expression for the steady-state quasipotential (described in
Sec. IIIB). The quasipotential governs occupation fluctua-
tions in stationarity. It is useful for studying steady-state
fluctuations and stability, including classic problems such as
escape from a stochastic attractor. Our excess EPR, on the
other hand, governs the dynamical fluctuations of local-in-
time fluxes. As we will see, it is useful for studying the
dynamical properties, including thermodynamic uncertainty
relations and thermodynamic speed limits. As we will see in
the next section, it is also possible to interpret our generalized
potential in terms of dynamical fluctuations.

B. Dynamical large deviations: generalized potential

In this section, we interpret our generalized potential ¢* in
terms of large deviations.

Suppose that one is interested in a fluctuating state ob-
servable ¢ (e.g., energy, position, etc.) across n independent
measurements over time [¢,¢ 4+ dt]. The empirical mean
change of the observable is captured by the random variable

Ap,=¢'VJ"dr, (75)

Specifically, this is the empirical change due to internal reac-
tions. In a closed system without external fluxes, A¢,, is equal
to the change over time.

In the limit of many copies, A¢, converges to E[A¢] =
@' V7T jdr. As above, we may consider the irreversibility of ¢
in terms of the probability that, due to a statistical fluctuation,
A¢, moves “backward in time” relative to the expectation.
This probability can be expressed as

Pr[Ag, ~ —E[A¢]] < e "F®dl (76)

In Fig. 4, we illustrate the meaning of the rate function
L(¢) dt, which is a fundamental measure of the irreversibility
of ¢. It is large for “fast” observables that change quickly
relative to the scale of their dynamical fluctuations.

L(¢) can be computed using the contraction principle, as
ming D(gl|j) subject to ¢'V'g = —¢'VTj. This optimiza-
tion can be expressed in its dual form as

L(p) = %[M—fvm —jT@¥ - an

P(AG, — 2) i
= el i
I | z
A Ll
—E[Ag)] E[Ag]

FIG. 4. Large-deviation interpretation of the irreversibility mea-
sure L£(¢). The change of state observable ¢ due to reactions over
time [z, r 4 dt] is measured in n independent copies, and the empir-
ical mean change is captured by the random variable A¢,,. Here, we
show schematically the probability of different outcomes A¢, = z.
For large n, the probability distribution is peaked at its expectation
value z = E[A¢]. The probability that the empirical mean moves in
reverse, z = —E[A¢], decays exponentially in n as =< e "£®) 4" The
generalized potential ¢* is the “most irreversible” observable, having
the largest L£(¢), and the excess EPR o is its degree of irreversibility
[see Eq. (78)].

By comparing with our variational principle (38) and with a
bit of rearranging, we may write the excess EPR as

Oex = max L(¢) = L(§"). (78)
PR

This shows that the generalized potential ¢* is the “most ir-
reversible” observable, and that the excess EPR o« quantifies
its degree of irreversibility.

C. TUR and thermodynamic inference

Here, we discuss our variational principle as a thermody-
namic uncertainty relation, which relates fluctuation statistics
of observables to excess EPR. This TUR sets a fundamental
bound on allowed statistics, limiting the “speed” of state ob-
servables relative to the scale of their fluctuations. The TUR
also provides a way to perform thermodynamic inference
of excess EPR and the generalized potential from empirical
measurements.

Before proceeding, we remark that our large-deviation re-
sults, such as Egs. (74), (76), and (78), in theory provide a
relationship between excess EPR, the generalized potential,
and measurement statistics. In practice, however, such results
are often not practical because they involve the statistics of
exponentially rare events. Our TUR, on the other hand, does
not depend on exponentially rare events.

To introduce the TUR, consider again the change of ob-
servable ¢ due to reactions over time interval [z, t 4+ dt]. We
use the random variable A¢ to indicate this change in a
single system (it should be contrasted with the random variable
A@, (75), the empirical mean change across n system copies).

The statistics of A¢ are encoded in the cumulant generat-
ing function, Ag4(A) = InEe*?. As an example, in an MJP
where ¢; is the position of site i on a one-dimensional lattice,
A is the short-time displacement. The first derivative of the
CGF gives the mean displacement, the second derivative gives
the mean square displacement, etc.
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A key result in large-deviation theory, called Cramér’s
theorem [106], states that the rate function of A¢, is the
Legendre transform of the CGF of A¢. Given Eq. (77), the
rate function £(¢)dt is the Legendre transform of Ag(X) =
j(e*V® —1)dr, where we assume Poissonian fluctuations
and work to first order in df. The cumulants are explicitly
given by Kq(sk) = Bik)A,,;(O) ~ jT[Ve]dt. For example, the
mean and variance are

Ky =E[A¢]=¢"V jd1,
Ky = Var(Ag) = ¢V diag(j)Ve dr.

We note that the variance is equal to the mean-squared dis-
placement (MSD) E[(A¢)?] to first order in dt, and that it can
be expressed as K @) — 2¢"Hedt in terms of our mobility
matrix H (63). In this sense, H is a diffusion matrix that
governs the short-time MSD of all state observables.

We can also express the variational principle for excess
EPR in terms of cumulants. Expanding the exponentials in
Eq. (40) gives

1 1 L

Oex = ;;21211{)5 E[_ZK"(’ — k22 FK"(’ ] (79)
This provides a set of bounds on the excess EPR, one for
each state observable ¢. Each bound involves two terms: The
first is proportional to the observable’s “speed” (the mean dis-
placement —2K (D while the second quantifies the size of its
fluctuations (via a sum of higher cumulants). This fluctuation
term is non-negative, as discussed near Eq. (40). Note that the
sum of higher cumulants converges, so in practice it may be
truncated at some finite order.

Equation (79) can be interpreted as a short-time TUR [107]
for excess EPR that specifies a trade-off between speed
and fluctuations. It is also an example of a “higher-order”
TUR [108], since it involves not only the mean and vari-
ance but also higher cumulants. Higher-order TURs can be
made tight by appropriate choice of observable, unlike tra-
ditional TURs (involving only the mean and variance) that
cannot always be made tight in far-from-equilibrium discrete
systems [109]. In SM3 in the Supplemental Material [53],
we derive a weaker but simpler bound that involves simpler
statistics.

The TUR (79) permits thermodynamic inference of
oex and ¢, using similar techniques as for inference of
EPR and thermodynamic forces from short-time trajecto-
ries [87,88,109,110]. Suppose that, in a closed system, one
makes n two-point measurements of the change of a state
observable during a short time interval, ¢(¢) — ¢(t + dt).
These measurements can be used to compute the cumulants
K;’k), which give a lower bound on the excess EPR when
plugged into the TUR (79). The TUR can be further tightened
by scaling the observable as A¢ by A € R and optimizing over
A, in this way recovering the overall irreversibility L(¢) (77).

If it is possible to measure more than one observable
(¢(1), &), .. .), tighter bounds can be found by numerical
optimization of the TUR (79) over linear combinations of
these observables. In the fine-grained regime where d linearly
independent observables can be acquired (e.g., the identity
of starting and ending microstates), then the measurements

span the entire space of observables ¢ € R¢ and numerical
optimization should recover the full excess EPR and the gen-
eralized potential ¢* at optimality. We note that the objective
in TUR (79) is a concave function of ¢; thus, optimization can
be carried out using very efficient numerical algorithms. We
also note that, unlike some EPR estimation techniques, our
method never needs to distinguish which reaction or reservoir
mediated a given transition.

VII. THERMODYNAMIC SPEED LIMITS

In this section, we derive thermodynamic speed limits. We
first introduce a short-time TSL, which relates excess EPR to
the instantaneous speed of evolution at a given time. We then
introduce a finite-time TSL, which relates integrated excess
EP to time and trajectory length. Because excess EPR is
always smaller than EPR, our TSLs also imply bounds on the
total entropy production.

A. Short-time speed limits

We first derive a “short-time” TSL that relates excess EPR
to two simple quantities. The first quantity is the activity, the
total number of reactions per unit time,

A=y =il (80)
P

The second quantity is the net production due to reactions,
VTj.In a closed system without external fluxes, this is equal
to the state evolution, V'j = x. For an open system with
external fluxes, it includes both the state evolution and the
external fluxes, V' j = x + I. Finally, for an open system in
steady state, it is equal to the external fluxes, vT j=1

Our TSL quantifies the minimal excess EPR compatible
with a given net production V' j and activity A,

oTSL ‘= mﬂi{n oex(g), where Vig=VTj, llgll, =A. (81)
geRY

orsy is a function of VT j and A, though we usually leave this
implicit in our notation. Also note that without the activity
constraint, the minimum would be zero, since one can increase
forward and reverse fluxes while keeping their difference
fixed. In SM4 in the Supplemental Material [53], we derive
the form of the optimal fluxes in Eq. (81) and show that they
are conservative.

In that Supplemental Material [53], we also show that our
TSL is closely related to the (1-)Wasserstein speed from opti-
mal transport [21,111,112]. The Wasserstein speed quantifies
the minimum activity required to achieve net production V' j
in a system with stoichiometric matrix V,

W := min |la|,, where V'a=V'j. (82)
acR”

Importantly, W is sensitive to the system’s network topology,
as encoded in the matrix V. For example, the same net produc-
tion requires a faster Wasserstein speed on a one-dimensional
chain than on a fully connected network. In the Supplemen-
tal Material [53], we show that W may be efficiently computed
using its dual form.
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Our TSL can be expressed in terms of W as

. 4
ors, = 2W tanh™! e (83)

The right side depends on the ratio between the minimum
required activity (W) and the actual activity (A). The bound
diverges as W — A, which corresponds to the limit where all
activity is channeled into production. We note that this limit
can only be achieved by making reactions absolutely irre-
versible (j, > 0, j, = 0), since reversibility increases activity
without contributing to net production.

To summarize, we have the following hierarchy of bounds:
2W?
A
The last quadratic bound follows from Eq. (83) and
xtanh~'x > x%. It is tight in the slow-production limit
(W <« A), but it is much weaker than Eq. (83) for fast pro-
duction, since it does not diverge when W — A. In principle,

all of these bounds in Eq. (84) are achievable.
By inverting Eq. (83), we may write our TSL in a more

familiar “speed limit” form, as an upper bound on the speed
as a function of excess EPR and activity:

W =Ad ! (orsL/24) <A D (0:/24), (85)

0 2 Ocx 2 OTSL 2 (84)

where &~ is the inverse function of ®(x) := x tanh~! x.

Finally, we remark on the case of steady-state open sys-
tems, since these play an important role in many biological
and chemical studies. For an open system in steady state,
net production balances the external fluxes, V'j =1, and
our TSL (81) identifies the steady-state fluxes that mini-
mize excess EPR under an activity constraint. This has some
similarity to “flux-balance analysis” (FBA) [113], a biologi-
cal modeling technique that identifies steady-state metabolic
fluxes that optimize some (typically linear) objective under
constraints. (See Refs. [114—-116] for connections between
FBA and nonequilibrium thermodynamics.) From a practi-
cal perspective, our TSL bounds the dissipation using three
accessible pieces of information: the stoichiometry V, the
external fluxes I, and the overall activity A. We demonstrate
the utility of this bound when we analyze metabolic networks
in Sec. VIII C.

B. Relation to other TSLs

Previous work [19,21,112] has considered the analog of
ost, but for total EPR,

where Vig=V"j, |gl, =A.

(86)
However, as mentioned above, the optimal fluxes in Eq. (81)
are conservative, which implies that the two TSLs are equiva-
lent: o1, = ors.. This also shows that the activity TSL (86)
only recovers the excess component of total EPR. We note
that the Wasserstein expression (83) for ofg; was derived for
MJPs in Refs. [19,21] and CRNs in Ref. [112].

For MJPs, the Wasserstein speed can be bounded as W >
[lpll1/2. The quantity ||p|li/2, called the total variation (TV)
speed, is a simple and optimization-free quantity that is not
sensitive to system topology [111]. Our results imply the

/ R .
OrsL -= &{gﬂlgi o(g),

bounds
. _1 1Pl Ipl7
0 > lply tanh ™ 200 > EL (87)
The last bound recalls a quadratic TSL for HS excess EPR [9],
1Pl
oS > 7}. (88)

HS excess EPR does not obey the stronger TV bound, ags
£l tanh='(||pll,/24), although some intermediate inequal-
ities have been shown [12,117]. It also does not obey the
analog of the Wasserstein TSL (83), as will be seen in the
unicyclic system considered in Sec. VIII [118].

C. Finite-time speed limits

In this section, we derive “finite-time” TSLs for the excess
EP incurred by a time-extended process.

Recall that the excess EP incurred during time ¢ € [0, T] is
given by X = fOT oex (1) dt. We define our finite-time TSL as
the minimal excess EP required by any trajectory with time-
dependent net production VT j(¢) and activity A(z) = ||j(#)]];.
Formally, we optimize over all time-dependent fluxes compat-
ible with these constraints:

T
SreL = min / oe(g(0)) dt.
g®) Jo

where V'g(t) =V j@). lg®)li=Aw)vr, (89

where oex(g(t)) refers to the excess EPR (38) evaluated at
fluxes j = g(¢). The minimization decouples over different
time points, allowing us to express it as an integral over the
short-time TSL:

T
ETSL=/ orsL(?) dt, (90
0

where orgr.(7) is the short-time TSL (81) corresponding to the
net production V' j(¢) and activity A(¢) at time 7. As men-
tioned, o, can be equivalently defined as a minimization of
total EPR (rather than excess EPR); thus, Eq. (89) can also be
equivalently defined as a minimization of total EP.

Using Eq. (83), we may relate our TSL to the Wasserstein
distance from optimal transport:

r .
st :/0 2W (t)tanh™! Z%)dr, o1

where W (¢) is the Wasserstein speed (82) corresponding to
net production VTj(t). The bound X, > Zrg is achieved
when the fluxes are chosen to be optimal at each time point
t € [0, T], as described in SM4 in the Supplemental Material
[53].

We can derive another TSL for the time-integrated activity
and Wasserstein length:

T T
A::/ A(r)dt, f::f W () dr. (92)
0 0
Using this definition, we may lower bound Xrgy, as

<
Trsp > Sig = 2.7 tanh”! e 93)
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To derive this, we multiply and divide the term inside the inte-
gral in Eq. (91) by A(z)/.A. We then apply Jensen’s inequality
to the convex function x tanh ™" x with x = W /A.

From a geometric perspective, the Wasserstein length . is
the length of a given trajectory through concentration space.
The Wasserstein length also has an operational interpretation:
It is the minimal integrated activity (total number of reaction
events) needed to implement the trajectory with a given stoi-
chiometric matrix.

The above inequalities require detailed information about
the system’s trajectory. Our final result is another TSL that
does not depend on such detailed information. To derive it,
we introduce the integrated net production:

T
V= / vTj@)de. (94)
0

For a closed system, the integrated net production is the
change of the state, V = x(T) — x(0). For an open system,
it accounts for the integrated outflow as well as the change
of state, V =x(T) —x(0) + fOT I(t)dt. Finally, for an open
system in steady state, or (more generally) a cyclic process
x(T) = x(0), the integrated net production is the integrated
outflow: V = fOT I(t)dt. In all cases, V depends only on the
initial and final states and the integrated flows.

The Wasserstein distance associated with integrated net
production is the integrated-time analog of Eq. (82):

# := min |a||;, whereV'a=V. (95)
acR”

For a closed system, % is the geodesic distance in Wasser-
stein space between x(0) and x(7"). More generally, using the
triangle inequality, we may show # < .Z, with equality for
constant-speed trajectories. This leads to our final TSL:

V4
Y& > B = 2# tanh™! R (96)

Summarizing, we have the sequence of bounds
Y 2 e 2 TrsL > Bg 2 Do ©7)

We may also derive a more familiar form of the TSL, as a
bound on the minimal time required to traverse a given dis-
tance. Consider the time-averaged dynamical activity, defined
as the number of reactions per time, (A) := A/T. Rearranging
the results above gives

T > o s o 2o
> —coth— > —co .
(A) 227 (A) 20

(98)

Since coth(x) > 1, there is a finite minimal time needed to
undergo a trajectory of a given length,

T =2 2Z/A) 2V ]A).

This latter bound is relevant in the highly irreversible limit
where X diverges. Conversely, these TSLs imply that
Yex diverges as —In(T — Z/(A)) as T — £ /(A). This
is stronger than the 1/T scaling reported in conventional
TSLs [7,10,17,20,22,119,120], which is only tight in the limit
of slow production [121-123].

D. Information-theoretic speed limit for relaxing MJPs

Our final result is a finite-time TSL that relates excess EP
and the speed of relaxation. This result is different from the
TSLs derived above: It only applies to MJPs, it only applies to
time-symmetric processes, and it does not reference Wasser-
stein distance. Nonetheless, it shows the connection between
our approach and previous literature [90], and it provides a
useful bound based on an interpretable and empirically acces-
sible information-theoretic notion of distance.

Consider an MJP that undergoes a process over ¢ € [0, T,
during which the system’s probability distribution goes from
p(0) to p(T). Suppose that the process involves an au-
tonomous relaxation (time-independent control parameters),
or more generally that the driving is time-symmetric, such
that the control parameters at time ¢ are the same as at time
T —t. Given these assumptions, we show in SM2 in the
Supplemental Material [53] that the variational principle for
excess EPR (38) can be expressed as

d
Ocx = Max [——D(p(t)llq(—t))} 99
q dt

where the maximization is over all probability distributions
over the microstates. The notation g(—¢) indicates that ¢
evolves “backward in time,”

d
——-ai(=0 =) (4j(=OR; —g(~DRS;).  (100)

J(Fi),a

Thus, o is the fastest rate of contraction of relative entropy
between the actual distribution p evolving forward in time
and any other distribution evolving backward in time. The
optimizer in Eq. (99) is the pseudo-canonical distribution
p* « poe? defined by the generalized potential ¢*.

Equation (99) gives the following information-theoretic
bound:

ex(T) 2 D(pO)||p(T)).

The relative entropy D(p(0)||p(T)) is an information-
theoretic measure of the distance traversed by the system’s
state over time ¢ € [0, T']. It is interpretable and practically
accessible by measuring the state at two time points.

Equations (99) and (101) generalize the main results of
Ref. [90], which derived the same expressions for EPR in
conservative MJPs. In particular, the derivation of Eq. (101)
proceeds in the same way as Eq. (3) in Ref. [90]. Specifically,
we choose q(0) = p(T') in Eq. (99) and then integrate over
t € [0, T/2]. Under the assumption of time-symmetric driv-
ing, q(t) = p(T —t) is a solution to Eq. (100), so the time
integral gives

(101)

T/2 d
&awm>—/ﬁ S DIpOIp(T — 0] ds
0 t
— D[p(O)|p(T)] = DIp(T/2)Ilp(T/2)]
— D[p(O)p(T)].

Since o (t) = 0 for r € [T /2, T], we have the sequence of
bounds:

Lex(T) 2 Zex(T/2) 2 D[p(0)[p(T)].
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FIG. 5. Time evolution and generalized potentials for unicyclic MJP. (a) Time evolution of the probability distribution for three driving
strengths (y = 0, 1, 4). The system has 21 microstates, and the initial distribution is concentrated on three microstates i € {10, 11, 12}. (b)—(d)
Our generalized potential ¢* (blue) and steady-state potential ¢* (dotted green) for different driving strengths (columns) evaluated at three
timepoints: ¢+ = 0 (b), # = 10 (¢), and t = 30 (d). Both potentials vanish as the system approaches the uniform steady state.

A bound like Eq. (101) was conjectured for HS excess EP in
Ref. [124]. However, that conjecture does not hold, as we will
see in the unicyclic system considered in the next section.

VIII. EXAMPLES

We now illustrate our approach on three examples: a uni-
cyclic MJP, a nonlinear CRN (Brusselator), and real-world
metabolic networks.

A. Unicyclic MJP

In our first example, we consider a uniform cyclic MJP.
This example will be useful to illustrate the difference be-
tween our decomposition and the HS one.

Our MJP has d = 21 microstates, and its transition rates
are parametrized as

1 e’

R' P = T R'— i = T >
i+1, 1+€_V i—1,i 1+e_y

(102)
where the indexing of microstates i is taken mod d. The pa-
rameter y determines the strength of nonconservative driving
around the cycle. The overall timescale is normalized, so that
the escape rates do not depend on y (—R; =1 for all i).
Therefore, the dynamical activity is A = 1, regardless of y or
the distribution p. As the initial probability distribution p(0),
we assign elevated probability to three microstates, p1o(0) =
p11(0) = p12(0) = 0.3, with the remaining probability split
among the other 18 microstates, p;(0) = 0.1/18.

Figure 5(a) shows the time evolution of the system’s state
for three values of the driving strength: y =0, y = 1, and
y = 4. For y =0, the system is conservative and it relaxes
to equilibrium by diffusing symmetrically. For y =1 and
y =4, clockwise/counterclockwise symmetry is broken and
the system exhibits a decaying oscillation around the cycle in
the directioni — i + 1.

Figure 5(b) shows the steady-state potential ¢*° =
In(p/p**) and our generalized potential ¢* (found by numeri-
cal optimization) at the initial state p(0). For the conservative

system with y = 0, the potentials are equal to each other
and to the standard nonequilibrium potential, ¢* = ¢** =
¢°4 = In(p/p). For stronger driving, ¢* becomes larger in
magnitude, more asymmetric, and increasingly “clifflike,”
reflecting the system’s increasingly fast and asymmetric re-
laxation dynamics. On the other hand, because the initial state
is symmetric and the steady state is uniform for all y, the
steady-state potential ¢* is always symmetric and does not
vary with y.

Figures 5(c) and 5(d) show the steady-state potential ¢*°
and our generalized potential ¢* for the same three driving
strengths, but now evaluated on the time-evolved states p(t)
at t = 10 and ¢ = 30. Both potentials become smoother over
time, gradually approaching the zero vector as the system
approaches the uniform steady-state distribution. Our gen-
eralized potential maintains the asymmetry that reflects the
asymmetry of relaxation dynamics, and its magnitude reflects
the strength of driving. On the other hand, the steady-state
potential remains essentially symmetric about its maximum,
similar to the time-evolved distribution p(¢). It has some de-
pendence on y due to the fact that different y lead to different
time-evolved states p(t), but this dependence is weak.

Figure 6 illustrates our thermodynamic speed limit.
Figure 6(a) shows the Wasserstein speed W (82) as a function
of the driving strength, evaluated at the initial state p(0) and
the time-evolved state p(¢) atr = 10 and r = 30. At all times,
the Wasserstein speed increases with driving strength. Thus,
the state evolves faster when it undergoes a directed force
around the cycle, compared to when it undergoes an undriven
symmetric diffusion.

Figure 6(b) illustrates our short-time Wasserstein TSL
on the initial state p(0). This shows the EPR, our excess
EPR, the HS excess EPR, and the TSL lower bound ots;, =
2W tanh™! (W /A) (83) as a function of the driving strength y.
The EPR, our excess EPR, and the Wasserstein TSL increase
with stronger driving. However, the HS excess EPR remains
constant, being insensitive to the driving strength. We verify
the inequality oex > o015 from Eq. (116). We also verify that
the Wasserstein TSL holds for our excess EPR, but not the
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FIG. 6. Wasserstein TSL on unicyclic MJP. (a) Wasserstein speed increases with driving strength when evaluated on state p(¢) at ¢ €
{0, 10, 30}. (b) EPR, our excess EPR and HS excess EPR for the initial state p(0), as a function of the driving strength. The Wasserstein
short-time TSL org, (83) provides a lower bound on our excess EPR. The HS excess EPR is not sensitive to the driving strength y. (c) Same as
in panel (b), but now shown for the time-evolved state p(z) at = 10. (d) Time-integrated EP, excess EP, and HS excess EP as a function of the
time interval, considering the spatiotemporal trajectory shown in Fig. 5(a) for y = 1. We also show the finite-time Wasserstein TSL $.%; (96)
and information-theoretic bound (101). Observe that the Wasserstein and information-theoretic bounds only hold for our excess EP, not the HS

excess EP.

HS excess EPR. Figure 6(c) shows the same quantities, but
now evaluated on the time-evolved state p(¢) at ¢t = 10. Ob-
serve that by time ¢t = 10, HS excess EPR has almost entirely
vanished. Our excess EPR and TSL bound also decrease over
time, but not as quickly. The short-time Wasserstein TSL is
nearly tight at t = 10 across a range of driving strengths.

To summarize, Figs. 5(b) and 6(b) show that our general-
ized potential and excess EPR are sensitive to the direction
and speed of evolution of the system’s state. On the other
hand, in this system, the steady-state potential and HS excess
EPR are not sensitive to the strength of driving or speed of
evolution.

Finally, Fig. 6(d) illustrates our finite-time TSLs. Given the
spatiotemporal trajectory from Fig. 5(a) for y = 1, we plot
the time-integrated EP, ¥(7) = fof o(t)dt, as a function of
the time interval 7, and similarly for X« (7) and Egs(t). We
verify the bounds (1) > ¥(7) > ES(S(‘L'), the information-
theoretic bound X (7) = D[p(0)||p(r)], and the Wasserstein
TSL E%L (96). The Wasserstein TSL captures most of the
excess EPR until T & 10, at which point it begins to decrease.
We observe that the Wasserstein and information-theoretic
bounds do not hold for HS excess EPR.

B. Brusselator CRN

In our second example, we consider the Brusselator [58], a
well-known CRN model of a chemical oscillator, shown above
in Fig. 2.

To analyze this system, we use the fact that two of
the reactions, X; = X, and 3X; = 2X; + X5, have the same
stoichiometry. We then introduce the reaction-level coarse
graining described in Sec. V D, giving the following coarse-
grained stoichiometric matrix and forward/reverse fluxes:

10 kf
= -1 0 - crk;
VZ =
S| T e |
1 —1

ca(ky + k)

C]kl_

ki
ea(ky + cikT)
ci(ky +ciky)

The resulting coarse-grained forces are conservative,

S~

o
J2 J1 J4 J3
where the generalized potential is
W:(m@,m@+m@) (103)
J1 J1 J3

K+ 2kt
In Cxi+%{).(m9
ci(ky +cthy)

Since the coarse-grained forces are conservative, the excess
EPR is the EPR of the coarse-grained fluxes (see Sec. V D):

(105)

C]k1
T
kl

Clkl_
ki

In

Oex = U(.;)

The housekeeping EPR is the remainder, oy = o (j) — o ().

The excess/housekeeping decomposition can also be per-
formed at the level of individual reactions, as described above
in Sec. V E. For the Brusselator, the reactions @ = X; are not
coarse grained, and one can verify that their forces obey f, =
—[V¢*1,. Thus, according to Egs. (57) and (58), their fluxes
and forces are purely excess, with no housekeeping contribu-
tion. On the other hand, the reactions X; = X, and 3X; =
2X; + X, are coarse grained, so they have f, # —[V¢*], and
exhibit nonvanishing housekeeping forces and fluxes. Their
housekeeping fluxes quantify the flow around the futile cycle
X; — X;, followed by 2X; + X, — 3X;, which dissipates EP
but has no net effect on species counts.

We now provide a concrete numerical example. We
consider rate constants kj” =k =k; =k =1,k =17,
while varying k3 in the range k5 € [6, 11]. For these pa-
rameter values, the system exhibits limit-cycle oscillations.
Time-dependent concentrations c;(t), cp(¢) for three differ-
ent choices of k;r are shown in Figs. 7(b)-7(d). In addition,
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FIG. 7. Brusselator example (see also Fig. 2). (a) Time series of ¢ and o, during a trajectory (kf’ =k =k, =ky =1,
ki =17, k;r = 6). (b)—(d) Evolution of concentrations c;(z), ¢;(¢) for k;r € {6,9, 11} (other parameters as above). The length of a single
oscillator cycle is marked in gray. Excess EPR tends to be larger during faster evolution. (e) o decomposed into o.x and oy as a function of
concentrations, with parameters as in panel (a). Streamlines (white) and actual trajectory (green) are overlaid. The excess EPR is sensitive
to dynamical features, such as the limit cycles and fixed points. (f) The cycles from panels (b)—(d) are shown in coordinates (c; + ¢, ¢;) in
Wasserstein space. The cycle Wasserstein length _Z is the perimeter length of the bounding boxes (see text for details). (g) The Wasserstein
TSL Z%L (93) bounds EP and excess EP. Inset shows semilogarithmic scale. (h) Cycle time is bounded by the time TSLs (107).

Fig. 7(a) shows the EPR o () and excess EPR o(f) for
ki = 6. Excess EPR tends to be large when the concentrations
are changing rapidly.

Figure 7(e) shows the decomposition of EPR into excess
and housekeeping components, as a function of the two con-
centrations ¢ = (cy, ¢;). We focus on the ki = 6 system, the
same one shown in Figs. 7(a) and 7(b). Streamlines show the
dynamical evolution x at each point in concentration space,
and the actual trajectory from Fig. 7(b), shown in green.
Excess EPR highlights dynamical structure: Bright regions
correspond to fast evolution, and dark regions to slow evo-
lution (the limit cycle and unstable fixed point). This is in
contrast to the EPR and the housekeeping EPR, which do not
appear to have any clear relationship to state dynamics.

We do not compare our analysis to the HS decomposition
because, for the parameters considered here, the Brusselator
does not have a steady state (no stable fixed point). Formally,
the HS decomposition could be defined by taking ¢** as the un-
stable fixed point; however, this is not physically meaningful
and it leads to negative values of !5 (see Fig. 7 of Ref. [22]).

Next, we illustrate our finite-time TSL by deriving a bound
on the dissipation and time needed to complete one oscillator
cycle. For a trajectory that enters a limit cycle, we measure the
cycle time Ty and the integrated activity A, excess EP %,
and EP ¥ incurred during one cycle. In addition, we measure

the Wasserstein length of the cycle, £ = fOT““ W(t)dt. We

remind the reader that, in a system without external fluxes,
Z is the minimal activity required to traverse the cycle in
concentration space. Our finite-time TSL for . (93) gives the
lower bound Z%L =2.% tanh~'(£/A) on EP ¥ and excess
EP 3.

For Brusselator dynamics ¢ = (¢, ¢;), the Wasserstein
speed can be written in closed form,

W = |é1 + éa] + |éal. (106)

To see why, note that only the (coarse-grained) reactions
X; = X, affect the concentration of X, so either the forward
or reverse direction must have a flux of at least |¢,| (which one
depends on the sign of ¢;). One of the two remaining reac-
tions must have a minimal flux |¢; 4 ¢;| to induce the correct
evolution of X;. Equation (106) implies that the Brusselator’s
Wasserstein length . is given by the “taxicab geometry” in
coordinates (¢ + ¢z, ¢2).

To illustrate this, Fig. 7(f) plots the three cycles from
Figs. 7(b)-7(d) in this coordinate system. In this space, the
cycle’s Wasserstein length . is equal to the perimeter of the
minimal bounding box. Comparing Figs. 7(b)-7(d) and 7(f),
we see that larger k;r leads to shorter cycle times and smaller
Wasserstein lengths.

We illustrate our TSL =%, in Fig. 7(g) for k§ € [6, 11].
The bound is relatively tight, capturing about a third of the
excess EP at kf ~ 6 and about half around kf ~ 11. EP
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FIG. 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the PPP pathways. For each reversible reaction, arrow width indicates net flux (7, = j, — jz)

and color indicates reaction-level EPR ¢ )

rev ?

see below Eq. (16). EPR is in units of kT per incoming glucose molecule. (b) Our TSL o >

2W tanh™ ' (W /A) bounds EPR needed to sustain external fluxes in steady state. (c), (d) The original network does not have housekeeping EPR.
To illustrate our excess/housekeeping decomposition, we suppose that RSP (gray) is chemostatted by other cellular processes. This creates an
emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here, we show the excess/housekeeping contributions to net

fluxes (58) and EPR (59) at the level of individual reversible reactions.

is many orders of magnitude larger than excess EP (see
inset in semilogarithmic scale) and it does not lead to a
useful TSL.

Finally, we use Eq. (98) to bound the minimal time needed
to complete a cycle as
Zex > zcothi > z
22 7 (A) 27 7 (A)
The last bound Ty > .Z/(A) holds even in the absolutely
irreversible regime where o diverges. These bounds are
illustrated in Fig. 7(h) for k;r € [6, 11]. The excess EP bound
is relatively tight across the range of k" values. The EP-based
bound and absolute irreversibility bound are essentially equiv-
alent, since EP is very large for this system.

Teye = cot
cyc <A>

(107)

C. Metabolic networks

In our last example, we illustrate our approach on real-
world metabolic networks from three species: Escherichia coli
bacteria, yeast, and a mammalian cell line. Using our TSL, we
demonstrate that central metabolism operates with high effi-
ciency, given constraints imposed by its overall activity and
stoichiometry. We also show that our excess/housekeeping
decomposition is able to identify fluxes and dissipation asso-
ciated with futile metabolic cycles.

As standard in metabolic modeling and flux-balance
analysis [113], we model the metabolic networks as open
deterministic CRNs in steady state. We focus on two
core pathways of central metabolism: glycolysis, responsible
for breaking down glucose into pyruvate while producing
ATP, and the pentose phosphate pathway (PPP), respon-
sible for production of nicotinamide adenine dinucleotide
phosphate (NADPH) and ribose-5-phosphate (R5P) (used
downstream for nucleotide synthesis). Central metabolism
is highly conserved across different branches of life. Ac-

cordingly, the networks of all three biological species
involve the same d = 18 metabolites and m = 34 one-way
reactions (17 reversible reactions). For illustration, we show
the E. coli network in Fig. 8(a), with glycolysis reactions in
the left column and PPP reactions in the right column.

To determine flux and thermodynamic parameters, we use
published data from isotopic labeling experiments [125]. In
these experiments, each of the three cell types was grown
on a nutrient-rich medium with high glucose. Following
Ref. [125], we treat the first reaction in glycolysis (phos-
phorylation of glucose to G6P) as external. Also, we do not
explicitly represent internal cofactors and small molecules
(ATP, ADP, Pi, CO2, etc.), assuming that they are chemostat-
ted at constant concentrations by cellular homeostasis. For
details about the dataset, see SM6 in the Supplemental
Material [53].

In addition to metabolic reactions, the network is also sub-
ject to external fluxes of nutrients and metabolites from the
environment, most importantly the inflow of phosphorylated
glucose (G6P), outflow of phosphoenolpyruvic acid (PEP) and
pyruvate to the citric acid cycle, outflow of 3-Phosphoglyceric
acid (3PG) (used for serine production), and outflow of di-
hydroxyacetone phosphate (DHAP). External fluxes are set
to balance net production, I = V' j, ensuring steady-state
conditions.

Some of the flux and thermodynamic data are visualized
in the E. coli network in Fig. 8(a). The direction and width
of arrows indicate the direction and net flux of different re-
actions, and color indicates the reaction EPR (summed for
both forward and reverse reactions). Fluxes are normalized
relative to the rate of glucose uptake; thus, EPR values should
be understood in units of k7" /glucose. The yeast and mam-
malian networks (not shown) are qualitatively similar to the
E. coli network, though they exhibit less flux through the PPP
pathway.
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The stoichiometric matrix has rank 17 = m/2; hence, ac-
cording to algebraic condition (56), the forces are conservative
and housekeeping EPR vanishes. This is reasonable from a
biological perspective, since glycolytic metabolism appears to
avoid futile cycles [126]. Although the forces are conserva-
tive, the steady state is nonequilibrium due to external fluxes.

Next, we use our TSL from Eq. (83) to bound the EPR:

o > orgt = 2W tanh™! %. (108)
The Wasserstein speed W (82) quantifies the minimal ac-
tivity required to balance external fluxes I = V'j, given
the system’s fixed stoichiometry. It can be understood as a
topology-dependent measure of the intensity of the external
fluxes.

Results for the three biological species (E. coli, yeast,
and mammalian) are shown in Fig. 8(b). In the top row,
we compute the TSL only for the glycolysis pathway. The
dark green bars show the minimal bound (108), while the
lighter green bars show the actual EPR. We observe that
glycolysis is remarkably efficient: Its dissipation is close to
the fundamental minimum permitted by its stoichiometry and
overall activity (reactions per unit time). E. coli and mam-
malian cells achieve nearly ors /o = 50% efficiency, while
yeast achieves orsp /o ~ 20% efficiency. This accords with
biochemical studies, which have shown that the glycolysis
pathway appears highly optimized for thermodynamic perfor-
mance [127,128].

In the bottom row of Fig. 8(b), we compute the TSL
when including both the glycolysis and PPP pathways. For
yeast and mammalian cells, the results are essentially the
same as without PPP (top row), because these networks have
small flux through the PPP pathway in these data. The E.
coli network has significant flux through the PPP pathway.
For this reason, when accounting for PPP, E. coli is further
away from the fundamental bound set by the TSL, indicating
that the PPP pathway is less thermodynamically efficient.
Arguably, this is not surprising, since the main function of
PPP is synthesis of precursor metabolites rather than energy
conversion.

In our final analysis, we demonstrate our excess/
housekeeping decomposition. As mentioned, the metabolic
networks considered above have maximum rank and thus
no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences
of reactions that contribute to EPR but have no net ef-
fect on metabolites). However, the definition of futile cycle
depends on which metabolites are tracked internally, and
“emergent cycles” [129] can appear when metabolites are
removed from the stoichiometric matrix and treated as
chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate from the stoichiometric matrix of the E. coli
network. Biologically, this may represent chemostatting of
R5P by homeostatic mechanisms that buffer nucleotide de-
mand. This reduces the rank of the stoichiometric matrix
to 16, leading to an emergent cycle and a nontrivial ex-
cess/housekeeping decomposition. Figures 8(c) and 8(d) show
excess/housekeeping fluxes and dissipation at the level of
individual reversible reactions [see Egs. (58) and (59)]. Thus,

TABLE II. Comparison between our approach and several other
generalized potentials and excess/housekeeping decompositions. See
Sec. IX for details.

Hatano- Euclidean- Hessian
Sasa  Onsager [22] geometry [51] Ours

Variational definition v v v
Large deviations v v v
Thermodynamic v
inference

Minimum EP principle v

Additive invariance v

Coarse graining MIJPs v

by treating R5P as chemostatted, we reveal a maintenance
cycle that circulates carbon through the PPP back to upper
glycolysis. This cycle is captured by the housekeeping fluxes
Jnk shown in Fig. 8(d).

To our knowledge, our excess/housekeeping decomposi-
tion provides the first method for quantifying the dissipation
associated with futile cycles in general open CRNs with exter-
nal fluxes. Notably, our decomposition does not depend on a
decomposition of the null-space of the stoichiometric matrix,
which in general is nonunique [129].

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy po-
tential and excess/housekeeping decompositions have been
proposed, including in some recent publications. Here, we
compare our approach to several existing proposals. In the
first subsection, we compare to other “variational” proposals,
which define the generalized potential and EPR decomposi-
tion via an optimization problem. In the second subsection, we
compare to the steady-state approach, as previously reviewed
in Sec. III B.

For purposes of comparison, we will draw attention to
several important properties (summarized in Table II):

(1) Variational definition: Are the quantities defined in
a variational way, via the optimization of some objective
function? Such definitions typically guarantee existence of a
well-defined potential and decomposition in a general class
of systems, and they allow derivations of TURs and related
thermodynamic bounds.

(2) Large deviations: Do the quantities have an interpre-
tation in terms of a large-deviation principle? This provides
physical meaning in terms of fluctuation statistics.

(3) Thermodynamic inference: Do the quantities permit
thermodynamic inference using local-in-time statistics? This
allows estimation and validation from real-world experimen-
tal data.

(4) Minimum EP principle: Does the variational principle
identify minimal EP required to achieve some desired state
evolution? This is relevant for thermodynamic optimal con-
trol, i.e., implementing a given evolution while minimizing
entropy production.

(5) Additive invariance: Are the definitions invariant under
joining of independent systems? This enforces the fundamen-
tal physical principle of extensivity.
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(6) Coarse graining: Are the definitions invariant under
merging of reactions with the same stoichiometry? This guar-
antees that the potential and excess EPR do not depend
on detailed information about which reactions mediate state
changes, and has practical benefits (see Sec. V D).

A. Variational approaches

Our definition of the generalized potential and excess/
housekeeping decomposition is based on the variational prin-
ciple (38). Several previous proposals have also defined
generalized potentials and EPR decompositions using dif-
ferent (though related) variational principles. Here, we
summarize and compare these approaches.

Given a system with stoichiometry V and fluxes j, we say
that a generalized potential ¢ is defined variationally when it
is expressed as

A

$ = argmax L($, j, V),
PR

(109)

where L is some objective function that depends on the “test
potential” ¢, the fluxes j, and the stoichiometric matrix V (it
could also depend on the state x, though we leave this depen-
dence implicit in our notation). The optimal potential exists as
long as L satisfies some mild regularity conditions, though it
may not be unique (e.g., due to conserved quantities). As we
will see below, in existing proposals, the objective involves
the Legendre transform of some convex function.

One appealing feature of the variational approach is that
a generalized free energy can be defined for any system,
whether stochastic or deterministic, as long as one can define
an appropriate objective L. Of course, different objectives
produce different results, and the choice of the objective must
be justified by physical, operational, or formal considerations.

In our approach, the generalized potential ¢* is defined
using the following objective:

¢* = argmax[—j 'V — ®(j, —V¢)],
pcR4

(110)

where for convenience we introduced the function ®(j, 6) :=
jT(e® —1). The excess EPR is the maximum value of
the objective, 0ex = —j ' V@* — ®(j, —V¢*). The optimality
condition, V'j = V' (joe V%), implies that ¢* exponen-
tially tilts the reverse fluxes so as to recover the actual net
production.

As discussed above, @ is the cumulant generating function
of short-time dynamical fluctuations, and the objective (110)
is defined in terms of its Legendre transform. For this rea-
son, our definitions have a natural interpretation in terms of
large deviations: e is the rate function that controls irre-
versibility of the state evolution, and the potential ¢* is the
“most irreversible” state observable. Our definitions are di-
rectly accessible to thermodynamic inference. In particular,
local-in-time statistics provide a tight lower bound on the
excess EPR via the TUR (79).

Several other variational definitions have been advanced
in the literature. For instance, the present authors previously
proposed the Euclidean-Onsager potential [22], defined as

¢°™ = argmax[—2j ' Ve — @' V' L(j)V). (111)
PR

Here, we introduced the diagonal matrix L,, := %( Jp — ]'p) /
In(j,/ fp) that encodes reaction-level Onsager coefficients that
map forces to net fluxes. The associated excess EPR oo
is defined as the maximum of the objective (111). Equa-
tion (111) involves the Legendre transform of the quadratic
function ¢'VTL(j)V¢. In SM5.1 in the Supplemental Ma-
terial [53], we discuss this definition in more depth, and we
derive the inequality oex < 0.

The Euclidean-Onsager approach does not have a direct
relation to large deviations and, outside the linear-response
regime, it is not easily accessible to thermodynamic inference.
Nonetheless, it has a natural interpretation in terms of a mini-
mum EP principle. In particular, it was shown that o5} is the
minimum EPR incurred by any fluxes j’ that have the same net
production (V'j = VTj) and the same Onsager coefficients
[L(j") = L(j)] as j [22]. Moreover, these optimal fluxes have
conservative forces —V¢°™.

Another generalized potential was proposed in Ref. [51]. It
is helpful to introduce the “symmetrized” fluxes j; := v jp]'p,
which are equilibrium fluxes that have the same “frenetic
activity” as the actual fluxes, v/ j3 j5 = v/ j,J,. The authors
define two different potentials, which in our notation can be
written as

¢hess — argmax[_jTV¢ — CD(jS, —V¢)], (1 ]2)
PR

whess — argmaX[—Cb(]'sy ]n(]/}) =+ V¢)], (113)
PR

where @ is the short-time CGF mentioned above. The cor-
responding excess EPR o/ has a somewhat complicated
expression; for details and a numerical comparison, see
SMS5.2 in the Supplemental Material [53]. The authors refer to
their proposal as one based on “Hessian geometry,” to contrast
with Riemannian geometry as might be induced by a quadratic
metric [e.g., L(j) from Eq. (111)].

The potentials ¢ and %" can be interpreted in terms
of the family of fluxes 6 — j° o ¢%/?, characterized by vary-
ing thermodynamic forces @ and fixed frenetic activity j°.
Within this family, the forces —V¢™* induce the cor-
rect state dynamics, V' (j* o e V#"/2) = VT, while the
forces In(j/j) + V¢ make the fluxes stationary, V' (j* o
eG/DHV')/2) — . We note that in the Euclidean-Onsager
approach, with its simpler quadratic structure, the potential
¢°" plays both of these dynamical roles.

The Hessian-geometry approach is closely related to re-
search on large deviations of CRNs [65,69,130-133], and the
two objectives [Eqs. (112) and (113)] involve Legendre trans-
forms of the CGEF. However, the CGFs are evaluated under the
“reference” equilibrium fluxes j*, rather than the actual fluxes
J. For this reason, this approach is not directly amenable to
thermodynamic inference using local-in-time statistics. Also,
to our knowledge, the excess EPR J;‘;‘SS does not have an
interpretation as a minimum EPR expression.

To summarize, we have shown that our approach is closely
related to local-in-time statistics and thermodynamic infer-
ence. The Euclidean-Onsager approach is related to the
minimum EP principle with prescribed Onsager coefficients.
The Hessian approach is related to dynamical large deviations
of equilibrium systems with prescribed frenetic activity.
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Interestingly, there is another aspect that distinguishes our
approach from the others: Among the objectives listed above,
ours (110) is the only one that is linear in the fluxes j. This
formal property has important physical consequences. Con-
sider two systems characterized by fluxes j and j’ that have
the same stoichiometry V and the same generalized potential
¢*. For example, these might represent reactions occurring
within two different regions of a reactor volume. Then, when
the systems are coarse grained into a single system with fluxes
J +J/, our definition is unique in guaranteeing that the gen-
eralized potential ¢* remains unchanged and the excess EPR
adds extensively, oex(J + J') = 0ex(J) + 0ex(J). This invari-
ance mirrors that of conservative systems: When systems with
the same conservative forces are combined, the forces do not
change and the EPR adds extensively. This additive invari-
ance also underlies the coarse-graining property, discussed in
Sec. V D, which states that our definitions are invariant when
merging reactions with the same stoichiometry.

All of the above proposals become equivalent in the linear-
response regime near equilibrium. Specifically, when j ~ j
(where j*4 = j* are some equilibrium fluxes), all of the
objectives reduce to the quadratic form of Eq. (62). Thus,
all objectives share the same properties and interpretations
(large deviations, thermodynamic inference, minimum EPR,
additive invariance) near equilibrium, but become distinct in
the far-from-equilibrium regime.

Finally, we may consider Fokker-Planck dynamics as
the continuum limit of MJPs in the linear-response regime
[22, Appendix B]. In this limit, the dynamics converge to the
continuity equation 9, p, = —divj, and the generalized poten-
tials converge to the potential proposed by Maes and Netocny
(MN) for Fokker-Planck systems [41]. As described in SM5.3
in the Supplemental Material [53], it has a variational charac-
terization [85],

oMM = argmax / (2j - gradp — pillgrade|*)dr,  (114)
o:RF SR

analogous to Eq. (62). The variational definitions in

Egs. (110)—(113) provide different generalizations of the

Maes-Netoény decomposition to far-from-equilibrium dis-

crete systems.

B. Steady-state approach

We now briefly compare our proposal to the steady-state
approach, as previously discussed in Sec. III B. For simplicity,
we focus on the case of MJPs and complex-balanced CRNSs,
where the steady-state potential has the simple form ¢*° =
grad, D(x||x**) = In(x/x**) and the excess/housekeeping de-
composition is the HS decomposition.

As we show in SM5.4 in the Supplemental Material [53],
the HS housekeeping EPR can be expressed in the notation of
Eq. (53) as

oS = D(fII-Ve™).

This has a simple connection to our information-geometric in-
terpretation, as visualized in Fig. 3(b): The HS housekeeping
EPR is represented by a line from the actual forces f to the
point —V¢* on the conservative manifold. Since our house-
keeping EPR satisfies o = ming Z(f||—V¢), it is always

(115)

smaller than the HS housekeeping EPR:
Oex = 0115, (116)

HS
Ohk < Opk » ex

The difference oy — 0l > 0 has been previously termed
“coupling EPR” in Fokker-Planck systems [86], where it
quantifies the gap between the HS and Maes-Netocny [41]
definitions of housekeeping EPR.

In terms of the properties listed in Table II, the steady-state
potential is closely related to the large deviations of steady-
state fluctuations (see Sec. III B). However, for nonstationary
systems, it is not directly accessible to thermodynamic infer-
ence using local-in-time statistics. In addition, the HS excess
EPR does not satisfy a minimum EPR principle.

The steady-state potential does not satisfy “additive invari-
ance,” since combining systems with the same steady-state
potential ¢* does not necessarily preserve ¢*. However, in
MJPs, it obeys the coarse-graining condition discussed in
Sec. VD: ¢* and oIS are invariant under merging of tran-
sitions with same stoichiometry (i.e., same i — j) mediated
by different reservoirs. For MJPs where the coarse-grained
fluxes have a conservative form, as in Eq. (49) and the two-
level MJP discussed in Sec. V B, our potential ¢* and EPR
decomposition is the same one as the HS one.

Finally, we consider the linear-response regime, for sim-
plicity focusing on the case of MJPs. Near steady state p ~
p*, we may approximate ¢;* = In(p;/p}®) ~ (pi — p®)/p;".
Multiplying both sides by R;; p}* and summing gives

b~ —G(p™)e", (117)

where G;i(p*) := —R;;p}® acts as the HS mobility ma-
trix. This may be compared to our linear-response equation
[Eqg. (70)]. However, in nonconservative systems, the matrix
G is generally not symmetric; thus, Eq. (117) does not satisfy
Onsager’s reciprocal relations. Interestingly, our steady-state
mobility matrix is the additive symmetrization of the HS one,
Hy(p*®) = (G(p*) + G(p>)7)/2 [see Eq. (64)]. As expected,
the two agree for conservative systems.

Finally, Mandal and Jarzynski [134] analyzed the linear-
response regime of the HS decomposition for MJPs. They
showed that the HS excess EPR defines a Riemannian ge-
ometry over thermodynamic states. However, the HS friction
tensor is not local in time, but rather determined by fluctua-
tions under the stationary process [134, Eq. (24)].

X. DISCUSSION

In this paper, we proposed a generalized free energy and
excess/housekeeping decomposition for nonconservative sys-
tems. We demonstrated that our approach is applicable to a
broad class of stochastic and deterministic systems. We also
showed that our definitions are amenable to thermodynamic
inference, and that they lead to useful bounds such as ther-
modynamic uncertainty relations and thermodynamic speed
limits.

In conservative systems, the nonequilibrium free energy
can be understood from two different perspectives. The first
perspective is state based (static): The nonequilibrium free
energy is related to the deviation between the actual state
and the equilibrium state, and it controls properties like equi-
librium fluctuations and extractable work in nonequilibrium

023025-23



KOLCHINSKY, DECHANT, YOSHIMURA, AND ITO

PHYSICAL REVIEW RESEARCH 8, 023025 (2026)

states. The second perspective is dynamical (flux based):
The nonequilibrium free energy gives rise to conservative
thermodynamic forces, and it controls properties like dynam-
ical fluctuations and gradient flow dynamics. This dynamical
perspective can be traced back to the visionary work of On-
sager [99,135,136].

These two perspectives lead to different generalizations to
nonconservative systems. Until now, most research has con-
sidered the first (static) perspective by defining the generalized
potential in terms of the deviation between the actual state and
(nonequilibrium) steady state.

We proposed an alternative approach based on the
dynamical perspective. Here, the generalized potential is
characterized by offering the “conservative approximation”
to the forces. From the perspective of large deviations, the
generalized potential is the most irreversible state observable,
and the excess EPR is defined as its degree of irreversibility.

We mention several possible directions for future work.

First, to our knowledge, our analysis of metabolic networks
represents the first application of a TSL to a complex bio-
logical reaction network. A promising direction for further
research is the application of theoretical results from nonequi-
librium thermodynamics to large-scale metabolic modeling
and flux-balance analysis [137-139].

Second, as we discuss near Eq. (65), in the linear-response
regime, our excess EPR defines a Riemannian geometry over
the set of thermodynamic states. It would be interesting to
explore thermodynamic length and optimal protocols using
this geometry in nonconservative systems.

Third, in this paper, we explored thermodynamic bounds,
such as TURs and TSLs, for the excess EPR. However, we
also showed that the housekeeping EPR, the nonexcess con-
tribution to dissipation, quantifies the nonconservative nature
of the forces. Future work may investigate the housekeeping
contribution in more depth, e.g., from the perspective of large
deviations, TURs, and TSLs, as well as decompositions into
elementary cycles [22].

Fourth, here we considered the excess/housekeeping de-
composition applied to the EPR at a given instant in time.
However, the variational principle that defines excess EPR
may also be considered for time-extended stochastic pro-
cesses, where entropy production is quantified as the relative
entropy between trajectory distributions. This may lead to
fluctuation theorems for excess/housekeeping EPR and gen-
eralizations to non-Markovian stochastic processes. There
are also interesting connections to other trajectory-level
variational principles, such as Schrodinger-bridge prob-
lems [140,141] and maximum caliber inference [142].

Finally, it is interesting to consider our generalized po-
tential and information-geometric decomposition in other
types of systems, including reaction-diffusion [23], hydrody-
namic [143], and quantum [144] systems, which have recently
been explored using Euclidean geometry.
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APPENDIX A: NONLINEAR MJPS

In this Appendix, we discuss applications of our approach
to nonlinear MJPs. Nonlinear MJPs are stochastic master
equations in which the transition rates may depend on the
probability distribution. In terms of the MJP notation of
Eq. (7), this means that the rates Rj; may depend on p.
Nonlinear MJPs are often used in physics [145-147] and biol-
ogy [148-150] to model many-body systems (many particles,
regions, species, etc.) with mean-field interactions [150-152].

We illustrate our formalism on a classic model by
Malek-Mansour and Nicolis of local fluctuations in a reaction-
diffusion system [145]. Let us consider a system that contains
a single chemical species, and let i € {0, 1, 2, ...} indicate
the number of particles of that species within a given small
region. It is assumed that the region is locally well mixed,
that it undergoes the same fluctuations as its environment, and
that it is statistically independent of its environment. Then,
the probability distribution p of i evolves according to a birth-
death process [145],

pi =Ri(p) + Z(i)p(pi-1 — pi) + Z((i + Dpiv1 — ipi).

(The term 2(i),p;—1 is omitted at the boundary i = 0.) The
first term R;(p) is the contribution due to local reactions, the
second term due to particle exchange from the environment,
and the third term due to particle exchange to the environment.
2 is an effective diffusion frequency and (i), is the expected
particle count under distribution p (i.e., particle density in the
environment). Because the transition rate (i), depends on p,
this process is a nonlinear MJP.

This system can be put in the form of the discrete con-
tinuity equation (1) by introducing an appropriate incidence
matrix V and probability fluxes. In particular, the fluxes due
to exchanges with the environment are defined as

Jisir1(p) = -@U)ppia
Jiri»i(P) = D@ + Dpiy1.

The force associated with gaining one particle from the reser-
voir can be written as a sum of three terms,

1 1
— —In —
i+1 (i)p

(AD

Sfisit1 =1n],i%—’url =1n£+ln
Ji+1—i Pi+1

’

representing the change of the region’s statistical entropy, its
internal entropy, and the environment’s entropy. When the
reaction term R;(p) arises from a chemical master equation,
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it can also be expressed in terms of an incidence matrix and
reaction fluxes.

Using these fluxes, EPR is defined as in the main text
[Eq. (4)]. The generalized free energy and the excess/
housekeeping decomposition are also defined as in the main
text [Egs. (38) and (39)]. As usual, the excess term quantifies
the nonstationary contribution, while the housekeeping term
quantifies the nonconservative contribution.

To understand the meaning of conservative forces, it is
useful to note that any Poisson distribution (pf = e *A'/i!)
satisfies detailed balance for the exchange fluxes,

Jimir1(P) = Jiy1-:(P),

irrespective of the mean A. Similarly, the forces for the ex-
change transitions are conservative,

fi—>i+l = ¢’,* - ¢;k+] ,

for the potential ¢} = In(p;/p}). Therefore, the overall system
is conservative, and the housekeeping EPR vanishes, as long
as the reaction fluxes that specify R;(p) obey detailed balance
for some Poisson equilibrium distribution.

(A2)

APPENDIX B: SYSTEMS WITH ODD VARIABLES

1. Entropy production rate

We show how our approach applies to MJPs with odd
variables, such as velocity or momentum, whose sign changes
under time reversal.

We first write the expression of EPR. Consider an MJP
coupled to a single heat bath that evolves over a small time
interval [z, t 4+ dt]. The conditional probability that the system
is in state j at time ¢ + dt, given state i at time ¢, is

Tj; = dt Rj; + O(dt?).

The EP is the relative entropy between the forward and back-
ward joint distributions,

2 = D(piTjiillpj Teite) B

where €i indicates the conjugation of microstate i (odd-
parity variables flipped in sign). The conjugation of the
reverse conditional probability 7¢;c; follows from the princi-
ple of local detailed balance for systems with odd variables
(see Refs. [153-155], also Sec. 5.3.4 in Ref. [156]). We may
write Eq. (B1) more explicitly as

T T
> = 2 piTyiln Pitji § piTyiln Pifai
prye DiTeiej - DiTlciei

Transitions Diagonals

The second term is the contribution to EP due to different
escape rates under the forward and reverse dynamics. This
contribution only appears in systems with odd variables, since
it vanishes when i = €i.

The EPR is the time derivative of EP, 0 = d, X. With a bit
of algebra, this derivative can be found as

iRji
o = Z <p,Rj,1n pRJ

J#i p] €lE]

— piRji + ijeiej)~ (B2)

For derivations, see Eq. (4.10) of Ref. [157] or Eq. (23)
of Ref. [158]. For a system coupled to multiple reservoirs
indexed by «, this may be generalized as

PiR5
o= (;;,-Rj; In R“jl — piR% + piR%, j>. (B3)

i iReie

The EPR can be expressed as a relative entropy between flux
vectors. We define a reaction p for each one-way transition
(i — j, @) with flux j, = p;Rf; and reverse flux j» = p;R%, j
Importantly, unlike in systems without odd variables, the re-
verse flux does not have to correspond to the forward flux of
any reaction. The force across reaction p is
o
fo=In==In —leaﬂ . (B4)
Jo pj Reie j

as in Eq. (2). Finally, the EPR (B3) can be written as the
relative entropy between forward and reverse fluxes, as in
Eq. (14):

o =Dl

Note that Eq. (B3) does not have the simple “flux-force” form
o=y o Jofps as it does in systems without odd variables.
This reflects the irreversibility due to different forward and
reverse escape rates.

2. Generalized free energy and excess/housekeeping
decomposition

Many of our results continue to hold for MJPs with odd
variables, including the definition of the generalized potential
and the excess/housekeeping decomposition. One important
caveat is that we do not simplify our expressions by using
Eq. (3), the relationship between forward and reverse fluxes
that holds without odd variables. Without using this equation,
excess EPR (38) is defined as

o =max [~V j—j (7 =1, (BS)
$cRd
which is the analog of Eq. (33). The optimality condition that
defines ¢* is given by

Vij=VTiGoe™?), (B6)

rather than Eq. (39). The expression of excess EPR as
information-theoretic optimal transport, as in Eq. (45), re-
mains unchanged. In the special case where Eq. (3) holds,
Eq. (BS) reduces to Eq. (38), and Eq. (B6) reduces to Eq. (39).

Some results must be qualified in the presence of odd vari-
ables. For instance, in MJPs with odd variables, excess EPR
does not necessarily vanish in stationarity, unless the steady
state is symmetric under conjugation: pi* = p¢:. Similarly, we
do not have the inequality between our excess EPR and HS
excess EPR [Eq. (116)], unless the steady-state distribution
is symmetric under conjugation. Finally, our thermodynamic
speed limits do not hold in general for systems with odd vari-
ables. These differences arise because, for systems with odd
variables and asymmetric escape rates, the steady state may
be nonequilibrium even when the thermodynamic forces are
conservative. The steady state is equilibrium if the forces are
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FIG. 9. Left: a discrete system with odd variables, consisting of a particle on a ring with position r € {1, ..., k} and odd velocity v €

{—1, +1} [154,155,159]. Right: four panels showing time courses of EPR o, our excess EPR 0., and HS excess EPR O‘EHXS for different
parameters. 1 # 0 means forces are nonconservative, and y 7 0 means steady-state distribution is not symmetric under conjugation of odd
variables. HS decomposition can give unphysical values (of° > o, ofl5 < 0) when y # 0.

conservative and the steady state is symmetric under conjuga-
tion of odd variables. (See Ref. [155] for further discussion.)

Odd variables are problematic for the HS decomposition,
e.g., they can lead to negative values of HS housekeep-
ing EPR [154,155,159]. To our knowledge, no universally
applicable housekeeping/excess decomposition has been pre-
viously proposed for systems with odd variables.

3. Example: Particle on a ring

We provide an example to illustrate our excess/
housekeeping decomposition in the presence of odd vari-
ables. We also compare to the HS decomposition, where
the housekeeping EPR can take unphysical negative values
[154,155,159].

We wuse an existing model from the literature
[154,155,159], illustrated in Fig. 9 (left). There is a particle on
aring with k locations; the particle also has an odd “velocity”
degree of freedom, indicating whether it is moving clockwise
or counterclockwise. The system’s microstate is specified by
i = (r,v), where r € {1, ..., k} is the position of the particle
on the ring and v € {—1, +1} is the velocity. Conjugation
involves flipping the sign of the velocity variables,

e(r,v) = (r, —v).

The rate matrix contains two types of jumps: around the ring
(r,v) = (r + v, v) and velocity flips (r, v) — (r, —v).
The transition rates are parametrized as

Sy
R(r+v,v)«(r,v) =e ,177’

3y
R(r,fv)e(r,v) =™,
In words, the particle moves in the direction of its velocity

with rate ¢’ when v = +1 and rate 1 when v = —1; the veloc-
ity flips with rate ¢¥ when v = +1 and rate 1 when v = —1.

The steady state is given by

ss 8v,l +8v,—]€y
pr,v - k(eV 4 1) . (B7)
The parameter n controls the strength of driving around the
ring, leading to nonconservative forces when n # 0. The pa-
rameter y controls the breaking of symmetry of velocity flips,
leading to a steady-state distribution that is asymmetric under
conjugation (p}, # p¥*_,) when y # 0. The steady state is
equilibrium only when n = 0 and y = 0. Using Eq. (B4), the
forces for the two types of transitions are

pr,vR(rJrv,v)(—(r,v)

Lftrtv.0) ey = In
S " pr+v,vR(r,—v)<—(r+v,—v)

Prv
pr+v,v
—In _Prv + un,
pr+v,v

=In +5v,1’7_87v,1n

(B8)

pr,vR(r,—v)<—(r,v) Pru

Pr.—v

=In

1f(r.—v)<—(r,v) =In (B9)

pr,fuR(r,v)&(r,fv)
In Fig. 9 (right), we visualize the time-dependent values of
EPR o, our excess EPR oy, and the HS excess EPR o/15. We
consider a system with k = 4 positions and the non-steady-
state initial distribution p,, o 108,08, 1 + 1. We consider
four parameter values.

In the first condition (top left), n =0 and y =0, so all
transitions are symmetric. Here, the forces are conservative,
f = —V¢ for ¢ = In p (up to a constant) and the steady-state
distribution is symmetric under conjugation. The steady state
is in equilibrium and 0 = oo = oIS at all times.

In the second condition (top right), n =0 and y =1, so
velocity flips (r, —1) — (r, +1) occur more frequently than
(r, +1) — (r, —1). The forces are conservative, f = —V¢ for
¢ = Inp, but the steady state is not symmetric under con-
jugation. For this reason, the steady state is nonequilibrium
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(0 > 0 1n steady state). Since the forces are conservative, our
housekeeping EPR vanishes and o = o at all times. The
HS decomposition gives different numerical values, and it can
produce unphysical negative values (015 > o, oI5 < 0).

In the third condition (bottom left), n =1 and y =0,
so movements along the ring with positive velocity are
faster than those with negative velocity. The steady state is
symmetric under time reversal but the forces f(,1v v)<(rv)
are not conservative, so the steady state is nonequilibrium.

Our decomposition and HS decomposition both obey 0 <
ox <o and 0 < ogs < 0. We verify that, in systems with
time-reversal-symmetric steady states, oex = O’EHXS and o =
of18 =0 in steady state.

In the fourth condition (bottom right), n =1 and y =1,
so the forces are not conservative and the steady state is not
symmetric under conjugation. The HS decomposition again
gives unphysical values oll® > o, oIS < 0. Under our de-

composition, neither oex nor oy, vanishes in steady state.

[1] J. Maas, Gradient flows of the entropy for finite Markov
chains, J. Funct. Anal. 261, 2250 (2011).

[2] A. Mielke, A gradient structure for reaction—diffusion systems
and for energy-drift-diffusion systems, Nonlinearity 24, 1329
(2011).

[3] F. Schlogl, Fluctuations in thermodynamic non equilibrium
states, Z. Phys. A 244, 199 (1971).

[4] H. Qian, Relative entropy: Free energy associated with equi-
librium fluctuations and nonequilibrium deviations, Phys. Rev.
E 63, 042103 (2001).

[5] I. Procaccia and R. Levine, Potential work: A statistical-
mechanical approach for systems in disequilibrium, J. Chem.
Phys. 65, 3357 (1976).

[6] M. Esposito and C. Van den Broeck, Second law and Landauer
principle far from equilibrium, Europhys. Lett. 95, 40004
(2011).

[7] N. Shiraishi, K. Funo, and K. Saito, Speed limit for classical
stochastic processes, Phys. Rev. Lett. 121, 070601 (2018).

[8] S. Ito, Stochastic thermodynamic interpretation of information
geometry, Phys. Rev. Lett. 121, 030605 (2018).

[9] V. T. Vo, T. Van Vu, and Y. Hasegawa, Unified approach to
classical speed limit and thermodynamic uncertainty relation,
Phys. Rev. E 102, 062132 (2020).

[10] K. Yoshimura and S. Ito, Thermodynamic uncertainty relation
and thermodynamic speed limit in deterministic chemical re-
action networks, Phys. Rev. Lett. 127, 160601 (2021).

[11] N. Shiraishi, Wasserstein distance in speed limit inequalities
for Markov jump processes, J. Stat. Mech. (2024) 074003.

[12] J. S. Lee, S. Lee, H. Kwon, and H. Park, Speed limit for
a highly irreversible process and tight finite-time Landauer’s
bound, Phys. Rev. Lett. 129, 120603 (2022).

[13] P. Salamon, J. D. Nulton, and R. S. Berry, Length in statistical
thermodynamics, J. Chem. Phys. 82, 2433 (1985).

[14] P. Salamon and R. S. Berry, Thermodynamic length and dissi-
pated availability, Phys. Rev. Lett. 51, 1127 (1983).

[15] G. E. Crooks, Measuring thermodynamic length, Phys. Rev.
Lett. 99, 100602 (2007).

[16] D. A. Sivak and G. E. Crooks, Thermodynamic metrics and
optimal paths, Phys. Rev. Lett. 108, 190602 (2012).

[17] E. Aurell, C. Mejia-Monasterio, and P. Muratore-Ginanneschi,
Optimal protocols and optimal transport in stochastic thermo-
dynamics, Phys. Rev. Lett. 106, 250601 (2011).

[18] E. Aurell, K. Gawedzki, C. Mejia-Monasterio, R. Mohayaee,
and P. Muratore-Ginanneschi, Refined second law of thermo-
dynamics for fast random processes, J. Stat. Phys. 147, 487
(2012).

[19] A. Dechant and Y. Sakurai, Thermodynamic interpretation of
Wasserstein distance, arXiv:1912.08405.

[20] M. Nakazato and S. Ito, Geometrical aspects of entropy pro-
duction in stochastic thermodynamics based on Wasserstein
distance, Phys. Rev. Res. 3, 043093 (2021).

[21] T. Van Vu and K. Saito, Thermodynamic unification of opti-
mal transport: Thermodynamic uncertainty relation, minimum
dissipation, and thermodynamic speed limits, Phys. Rev. X 13,
011013 (2023).

[22] K. Yoshimura, A. Kolchinsky, A. Dechant, and S. Ito, House-
keeping and excess entropy production for general nonlinear
dynamics, Phys. Rev. Res. 5, 013017 (2023).

[23] R. Nagayama, K. Yoshimura, A. Kolchinsky, and S. Ito,
Geometric thermodynamics of reaction-diffusion systems:
Thermodynamic trade-off relations and optimal transport for
pattern formation, Phys. Rev. Res. 7, 033011 (2025).

[24] S. Ito, Geometric thermodynamics for the Fokker—Planck
equation: Stochastic thermodynamic links between informa-
tion geometry and optimal transport, Inf. Geom. 7, 441 (2024).

[25] E. Fodor, R. L. Jack, and M. E. Cates, Irreversibility and
biased ensembles in active matter: Insights from stochastic
thermodynamics, Annu. Rev. Condens. Matter Phys. 13, 215
(2022).

[26] R. Graham and T. T¢él, Nonequilibrium potential for coexisting
attractors, Phys. Rev. A 33, 1322 (1986).

[27] M. L. Freidlin and A. D. Wentzell, Random Perturbations
of Dynamical Systems (Springer Science & Business Media,
1998).

[28] B. Derrida, J. L. Lebowitz, and E. R. Speer, Free energy
functional for nonequilibrium systems: An exactly solvable
case, Phys. Rev. Lett. 87, 150601 (2001).

[29] P. Ao, Potential in stochastic differential equations: Novel
construction, J. Phys. A: Math. Gen. 37, L25 (2004).

[30] J. Wang, L. Xu, and E. Wang, Potential landscape and flux
framework of nonequilibrium networks: Robustness, dissipa-
tion, and coherence of biochemical oscillations, Proc. Natl.
Acad. Sci. USA 105, 12271 (2008).

[31] H. Ge and H. Qian, Dissipation, generalized free energy, and a
self-consistent nonequilibrium thermodynamics of chemically
driven open subsystems, Phys. Rev. E 87, 062125 (2013).

[32] Q. Li and W. E, The free action of nonequilibrium dynamics,
J. Stat. Phys. 161, 300 (2015).

[33] X. Fang, K. Kruse, T. Lu, and J. Wang, Nonequilibrium
physics in biology, Rev. Mod. Phys. 91, 045004 (2019).

[34] P. Glansdorff and I. Prigogine, Non-equilibrium stability the-
ory, Physica 46, 344 (1970).

[35] Y. Oono and M. Paniconi, Steady state thermodynamics,
Prog. Theor. Phys. Suppl. 130, 29 (1998).

[36] T. Hatano and S.-I. Sasa, Steady-state thermodynamics of
Langevin systems, Phys. Rev. Lett. 86, 3463 (2001).

023025-27


https://doi.org/10.1016/j.jfa.2011.06.009
https://doi.org/10.1088/0951-7715/24/4/016
https://doi.org/10.1007/BF01395565
https://doi.org/10.1103/PhysRevE.63.042103
https://doi.org/10.1063/1.433482
https://doi.org/10.1209/0295-5075/95/40004
https://doi.org/10.1103/PhysRevLett.121.070601
https://doi.org/10.1103/PhysRevLett.121.030605
https://doi.org/10.1103/PhysRevE.102.062132
https://doi.org/10.1103/PhysRevLett.127.160601
https://doi.org/10.1088/1742-5468/ad5438
https://doi.org/10.1103/PhysRevLett.129.120603
https://doi.org/10.1063/1.448337
https://doi.org/10.1103/PhysRevLett.51.1127
https://doi.org/10.1103/PhysRevLett.99.100602
https://doi.org/10.1103/PhysRevLett.108.190602
https://doi.org/10.1103/PhysRevLett.106.250601
https://doi.org/10.1007/s10955-012-0478-x
https://arxiv.org/abs/1912.08405
https://doi.org/10.1103/PhysRevResearch.3.043093
https://doi.org/10.1103/PhysRevX.13.011013
https://doi.org/10.1103/PhysRevResearch.5.013017
https://doi.org/10.1103/PhysRevResearch.7.033011
https://doi.org/10.1007/s41884-023-00102-3
https://doi.org/10.1146/annurev-conmatphys-031720-032419
https://doi.org/10.1103/PhysRevA.33.1322
https://doi.org/10.1103/PhysRevLett.87.150601
https://doi.org/10.1088/0305-4470/37/3/L01
https://doi.org/10.1073/pnas.0800579105
https://doi.org/10.1103/PhysRevE.87.062125
https://doi.org/10.1007/s10955-015-1339-1
https://doi.org/10.1103/RevModPhys.91.045004
https://doi.org/10.1016/0031-8914(70)90010-8
https://doi.org/10.1143/PTPS.130.29
https://doi.org/10.1103/PhysRevLett.86.3463

KOLCHINSKY, DECHANT, YOSHIMURA, AND ITO

PHYSICAL REVIEW RESEARCH 8, 023025 (2026)

[37] T. Speck and U. Seifert, Integral fluctuation theorem for the
housekeeping heat, J. Phys. A: Math. Gen. 38, L581 (2005).

[38] M. Esposito, U. Harbola, and S. Mukamel, Entropy fluctua-
tion theorems in driven open systems: Application to electron
counting statistics, Phys. Rev. E 76, 031132 (2007).

[39] T. S. Komatsu, N. Nakagawa, S.-I. Sasa, and H. Tasaki,
Steady-state thermodynamics for heat conduction: Micro-
scopic derivation, Phys. Rev. Lett. 100, 230602 (2008).

[40] T. Sagawa and H. Hayakawa, Geometrical expression of ex-
cess entropy production, Phys. Rev. E 84, 051110 (2011).

[41] C. Maes and K. Neto¢ny, A nonequilibrium extension of the
Clausius heat theorem, J. Stat. Phys. 154, 188 (2014).

[42] E. Smith, Intrinsic and extrinsic thermodynamics for stochas-
tic population processes with multi-level large-deviation
structure, Entropy 22, 1137 (2020).

[43] J. Keizer, Heat, work, and the thermodynamic temperature at
nonequilibrium steady states, J. Chem. Phys. 82, 2751 (1985).

[44] G. Falasco and M. Esposito, Macroscopic stochastic thermo-
dynamics, Rev. Mod. Phys. 97, 015002 (2025).

[45] M. Esposito and C. Van den Broeck, Three detailed fluctuation
theorems, Phys. Rev. Lett. 104, 090601 (2010).

[46] R. Rao and M. Esposito, Nonequilibrium thermodynamics of
chemical reaction networks: Wisdom from stochastic thermo-
dynamics, Phys. Rev. X 6, 041064 (2016).

[47] H. Ge and H. Qian, Nonequilibrium thermodynamic formal-
ism of nonlinear chemical reaction systems with Waage—
Guldberg’s law of mass action, Chem. Phys. 472, 241 (2016).

[48] U. Seifert, From stochastic thermodynamics to thermody-
namic inference, Annu. Rev. Condens. Matter Phys. 10, 171
(2019).

[49] T. Van Vu and K. Saito, Topological speed limit, Phys. Rev.
Lett. 130, 010402 (2023).

[50] S.-I. Amari, Information Geometry and its Applications
(Springer, 2016), Vol. 194.

[51] T. J. Kobayashi, D. Loutchko, A. Kamimura, and Y.
Sughiyama, Hessian geometry of nonequilibrium chemical
reaction networks and entropy production decompositions,
Phys. Rev. Res. 4, 033208 (2022).

[52] T. J. Kobayashi, D. Loutchko, A. Kamimura, S. A. Horiguchi,
and Y. Sughiyama, Information geometry of dynamics on
graphs and hypergraphs, Inf. Geom. 7, 97 (2024).

[53] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/r48t-dghl for supporting derivations and additional
numerical comparisons, which includes Refs. [143,160-163].

[54] M. Feinberg, Foundations of Chemical Reaction Network The-
ory, Applied Mathematical Sciences (Springer International
Publishing, Cham, 2019), Vol. 202.

[55] D. Kondepudi and I. Prigogine, Modern Thermodynamics:
From Heat Engines to Dissipative Structures (John Wiley &
Sons, 2014).

[56] C. Maes, Local detailed balance, SciPost Phys. Lect. Notes 32
(2021).

[57] M. Esposito and C. Van den Broeck, Three faces of the second
law. I. Master equation formulation, Phys. Rev. E 82, 011143
(2010).

[58] I. Prigogine and R. Lefever, Symmetry breaking instabilities
in dissipative systems. I, J. Chem. Phys. 48, 1695 (1968).

[59] F. Avanzini, E. Penocchio, G. Falasco, and M. Esposito,
Nonequilibrium thermodynamics of non-ideal chemical reac-
tion networks, J. Chem. Phys. 154, 094114 (2021).

[60] D. A. Beard and H. Qian, Relationship between thermo-
dynamic driving force and one-way fluxes in reversible
processes, PLoS ONE 2, e144 (2007).

[61] A. Wachtel, R. Rao, and M. Esposito, Thermodynamically
consistent coarse graining of biocatalysts beyond Michaelis—
Menten, New J. Phys. 20, 042002 (2018).

[62] Y. Peng, H. Qian, D. A. Beard, and H. Ge, Universal relation
between thermodynamic driving force and one-way fluxes in
anonequilibrium chemical reaction with complex mechanism,
Phys. Rev. Res. 2, 033089 (2020).

[63] F. Avanzini, G. Falasco, and M. Esposito, Thermodynamics of
non-elementary chemical reaction networks, New J. Phys. 22,
093040 (2020).

[64] S. Adams, N. Dirr, M. Peletier, and J. Zimmer, Large de-
viations and gradient flows, Philos. Trans. R. Soc. A 371,
20120341 (2013).

[65] A. Mielke, D. R. M. Renger, and M. A. Peletier, On the
relation between gradient flows and the large-deviation prin-
ciple, with applications to Markov chains and diffusion,
Potential Anal. 41, 1293 (2014).

[66] R. C. Kraaij, A. Lazarescu, C. Maes, and M. Peletier,
Fluctuation symmetry leads to GENERIC equations with
non-quadratic dissipation, Stoch. Proc. Appl. 130, 139
(2020).

[67] R. Rao and M. Esposito, Conservation laws shape dissipation,
New J. Phys. 20, 023007 (2018).

[68] H. Spohn, Large Scale Dynamics of Interacting Particles
(Springer, Berlin, Heidelberg, 1991).

[69] A. Mielke, R. 1. A. Patterson, M. A. Peletier, and D. R.
Michiel Renger, Non-equilibrium thermodynamical principles
for chemical reactions with mass-action kinetics, SIAM J.
Appl. Math. 77, 1562 (2017).

[70] To derive this result, observe that 0 = j' f = —x%" ¢, since
f=-V¢9andx =VTj.

[71] H. Ge and H. Qian, Mesoscopic kinetic basis of macroscopic
chemical thermodynamics: A mathematical theory, Phys. Rev.
E 94, 052150 (2016).

[72] H. Touchette, The large deviation approach to statistical me-
chanics, Phys. Rep. 478, 1 (2009).

[73] D. F. Anderson, G. Craciun, M. Gopalkrishnan, and C.
Wiuf, Lyapunov functions, stationary distributions, and non-
equilibrium potential for reaction networks, Bull. Math. Biol.
77, 1744 (2015).

[74] H. Ge and H. Qian, Mathematical formalism of nonequilib-
rium thermodynamics for nonlinear chemical reaction systems
with general rate law, J. Stat. Phys. 166, 190 (2017).

[75] H. Gang, Stationary solution of master equations in the large-
system-size limit, Phys. Rev. A 36, 5782 (1987).

[76] J. Keizer, Statistical Thermodynamics of Nonequilibrium Pro-
cesses (Springer, New York, NY, 1987).

[77] H. Ge and H. Qian, Non-equilibrium phase transition in
mesoscopic biochemical systems: From stochastic to non-
linear dynamics and beyond, J. R. Soc. Interface 8, 107
(2011).

[78] E. Weinan, W. Ren, and E. Vanden-Eijnden, Minimum action
method for the study of rare events, Commun. Pure Appl.
Math. 57, 637 (2004).

[79] D. Dahiya and M. Cameron, Ordered line integral methods
for computing the quasi-potential, J. Sci. Comput. 75, 1351
(2018).

023025-28


https://doi.org/10.1088/0305-4470/38/34/L03
https://doi.org/10.1103/PhysRevE.76.031132
https://doi.org/10.1103/PhysRevLett.100.230602
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1007/s10955-013-0822-9
https://doi.org/10.3390/e22101137
https://doi.org/10.1063/1.448273
https://doi.org/10.1103/RevModPhys.97.015002
https://doi.org/10.1103/PhysRevLett.104.090601
https://doi.org/10.1103/PhysRevX.6.041064
https://doi.org/10.1016/j.chemphys.2016.03.026
https://doi.org/10.1146/annurev-conmatphys-031218-013554
https://doi.org/10.1103/PhysRevLett.130.010402
https://doi.org/10.1103/PhysRevResearch.4.033208
https://doi.org/10.1007/s41884-023-00125-w
http://link.aps.org/supplemental/10.1103/r48t-dghl
https://doi.org/10.21468/SciPostPhysLectNotes.32
https://doi.org/10.1103/PhysRevE.82.011143
https://doi.org/10.1063/1.1668896
https://doi.org/10.1063/5.0041225
https://doi.org/10.1371/journal.pone.0000144
https://doi.org/10.1088/1367-2630/aab5c9
https://doi.org/10.1103/PhysRevResearch.2.033089
https://doi.org/10.1088/1367-2630/abafea
https://doi.org/10.1098/rsta.2012.0341
https://doi.org/10.1007/s11118-014-9418-5
https://doi.org/10.1016/j.spa.2019.02.001
https://doi.org/10.1088/1367-2630/aaa15f
https://doi.org/10.1137/16M1102240
https://doi.org/10.1103/PhysRevE.94.052150
https://doi.org/10.1016/j.physrep.2009.05.002
https://doi.org/10.1007/s11538-015-0102-8
https://doi.org/10.1007/s10955-016-1678-6
https://doi.org/10.1103/PhysRevA.36.5782
https://doi.org/10.1098/rsif.2010.0202
https://doi.org/10.1002/cpa.20005
https://doi.org/10.1007/s10915-017-0590-9

GENERALIZED FREE ENERGY AND ...

PHYSICAL REVIEW RESEARCH 8, 023025 (2026)

[80] Y. Li, S. Xu, J. Duan, X. Liu, and Y. Chu, A machine learning
method for computing quasi-potential of stochastic dynamical
systems, Nonlin. Dyn. 109, 1877 (2022).

[81] R. Zakine and E. Vanden-Eijnden, Minimum-action method
for nonequilibrium phase transitions, Phys. Rev. X 13, 041044
(2023).

[82] P. Gagrani and E. Smith, Action functional gradient descent
algorithm for estimating escape paths in stochastic chemical
reaction networks, Phys. Rev. E 107, 034305 (2023).

[83] B. C. Nolting and K. C. Abbott, Balls, cups, and quasi-
potentials: Quantifying stability in stochastic systems,
Ecology 97, 850 (2016).

[84] H. Ge and H. Qian, Thermodynamic limit of a nonequi-
librium steady state: Maxwell-type construction for a
bistable biochemical system, Phys. Rev. Lett. 103, 148103
(2009).

[85] A. Dechant, S.-I. Sasa, and S. Ito, Geometric decomposition of
entropy production in out-of-equilibrium systems, Phys. Rev.
Res. 4, L012034 (2022).

[86] A. Dechant, S.-I. Sasa, and S. Ito, Geometric decomposition
of entropy production into excess, housekeeping, and coupling
parts, Phys. Rev. E 106, 024125 (2022).

[87] D.-K. Kim, Y. Bae, S. Lee, and H. Jeong, Learning entropy
production via neural networks, Phys. Rev. Lett. 125, 140604

(2020).
[88] S. Otsubo, S. K. Manikandan, T. Sagawa, and S.
Krishnamurthy,  Estimating  time-dependent  entropy

production from non-equilibrium trajectories, Commun. Phys.
5,11 (2022).

[89] S. Boyd and L. Vandenberghe,
(Cambridge University Press, 2004).

[90] N. Shiraishi and K. Saito, Information-theoretical bound of the
irreversibility in thermal relaxation processes, Phys. Rev. Lett.
123, 110603 (2019).

[91] I. Gentil, C. Léonard, and L. Ripani, About the analogy be-
tween optimal transport and minimal entropy, Ann. Fac. Sci.
Toulouse: Math. 26, 569 (2017).

[92] C. Villani, Optimal Transport: Old and New (Springer, 2009),
Vol. 338.

[93] To derive Eq. (56) formally, recall that f, = —f; by anti-
symmetry; hence, f belongs to the antisymmetric subspace
V={0cR":0, =—0;} of dimension m/2. The stoichio-

Convex Optimization

metric matrix also obeys the antisymmetry V, = -V,
therefore ImV C V. When rank V = m/2, we must have
ImV=V>sf.

[94] M. Collins, R. E. Schapire, and Y. Singer, Logistic regres-
sion, AdaBoost and Bregman distances, Mach. Learn. 48, 253
(2002).

[95] 1. Csiszar, I-Divergence geometry of probability distributions
and minimization problems, Ann. Probab. 3, 146 (1975).

[96] S. Ito, M. Oizumi, and S.-I. Amari, Unified framework for
the entropy production and the stochastic interaction based on
information geometry, Phys. Rev. Res. 2, 033048 (2020).

[97] The equation V'j = —H¢* only determines ¢* up to the
null-space of V. In the linear-response regime, the choice
¢* = —H™(j)V'j satisfies the correct conservation laws.

[98] M. Doi, Onsager principle in polymer dynamics, Prog. Polym.
Sci. 112, 101339 (2021).

[99] L. Onsager, Reciprocal relations in irreversible processes. 1.,
Phys. Rev. 37, 405 (1931).

[100] 1. Gyarmati, Non-equilibrium Thermodynamics: Field Theory
and Variational Principles (Springer, Berlin Heidelberg,
1970).

[101] L. M. Martyushev and V. D. Seleznev, Maximum en-
tropy production principle in physics, chemistry and biology,
Phys. Rep. 426, 1 (2006).

[102] J. Verhds, Gyarmati’s variational principle of dissipative pro-
cesses, Entropy 16, 2362 (2014).

[103] For physical relevance, we should assume that short time
intervals are longer than the hydrodynamic timescale, so that
assumptions of Markovian and overdamped dynamics are jus-
tified.

[104] C. Maes, K. Neto¢ny, and B. Wynants, On and beyond
entropy production: The case of Markov jump processes,
Markov Proc. Relat. Fields 14, 445 (2008).

[105] A. Lazarescu, T. Cossetto, G. Falasco, and M. Esposito, Large
deviations and dynamical phase transitions in stochastic chem-
ical networks, J. Chem. Phys. 151, 064117 (2019).

[106] S. R. S. Varadhan, Large Deviations, Courant Lecture Notes
in Mathematics, Courant Institute of Mathematical Sciences
(American Mathematical Society, New York, 2016), Vol. 27.

[107] S. K. Manikandan, D. Gupta, and S. Krishnamurthy, Inferring
entropy production from short experiments, Phys. Rev. Lett.
124, 120603 (2020).

[108] A.Dechant and S.-I. Sasa, Fluctuation-response inequality out
of equilibrium, Proc. Natl. Acad. Sci. USA 117, 6430 (2020).

[109] S. Otsubo, S. Ito, A. Dechant, and T. Sagawa, Estimating en-
tropy production by machine learning of short-time fluctuating
currents, Phys. Rev. E 101, 062106 (2020).

[110] M. Aguilera, S. Ito, and A. Kolchinsky, Inferring entropy
production in many-body systems using nonequilibrium max-
imum entropy, Phys. Rev. Lett. 136, 077101 (2026).

[111] A. Dechant, Minimum entropy production, detailed balance
and Wasserstein distance for continuous-time Markov pro-
cesses, J. Phys. A: Math. Theor. 55, 094001 (2022).

[112] R. Nagayama, K. Yoshimura, and S. Ito, Infinite variety of
thermodynamic speed limits with general activities, Phys. Rev.
Res. 7, 013307 (2025).

[113] J. D. Orth, I. Thiele, and B. @. Palsson, What is flux balance
analysis?, Nat. Biotechnol. 28, 245 (2010).

[114] R. M. Fleming, C. M. Maes, M. A. Saunders, Y. Ye, and B. @.
Palsson, A variational principle for computing nonequilibrium
fluxes and potentials in genome-scale biochemical networks,
J. Theor. Biol. 292, 71 (2012).

[115] M. Kschischo, A gentle introduction to the thermodynam-
ics of biochemical stoichiometric networks in steady state,
Eur. Phys. J.: Spec. Top. 187, 255 (2010).

[116] J. Pifiero, R. Solé, and A. Kolchinsky, Optimization of
nonequilibrium free energy harvesting illustrated on bacteri-
orhodopsin, Phys. Rev. Res. 6, 013275 (2024).

[117] J.-C. Delvenne and G. Falasco, Thermokinetic relations,
Phys. Rev. E 109, 014109 (2024).

[118] A slightly weaker version of the Wasserstein TSL (83) was
recently proposed for HS excess EPR in Ref. [117]. Unfortu-
nately, the bound proposed in that work is not always valid;
a counter-example may be found using the unicyclic system
from Sec. VIIT A.

[119] T. Van Vu and Y. Hasegawa, Geometrical bounds of the irre-
versibility in Markovian systems, Phys. Rev. Lett. 126, 010601
(2021).

023025-29


https://doi.org/10.1007/s11071-022-07536-x
https://doi.org/10.1103/PhysRevX.13.041044
https://doi.org/10.1103/PhysRevE.107.034305
https://doi.org/10.1890/15-1047.1
https://doi.org/10.1103/PhysRevLett.103.148103
https://doi.org/10.1103/PhysRevResearch.4.L012034
https://doi.org/10.1103/PhysRevE.106.024125
https://doi.org/10.1103/PhysRevLett.125.140604
https://doi.org/10.1038/s42005-021-00787-x
https://doi.org/10.1103/PhysRevLett.123.110603
https://doi.org/10.5802/afst.1546
https://doi.org/10.1023/A:1013912006537
https://doi.org/10.1214/aop/1176996454
https://doi.org/10.1103/PhysRevResearch.2.033048
https://doi.org/10.1016/j.progpolymsci.2020.101339
https://doi.org/10.1103/PhysRev.37.405
https://doi.org/10.1007/978-3-642-51067-0
https://doi.org/10.1016/j.physrep.2005.12.001
https://doi.org/10.3390/e16042362
https://doi.org/10.1063/1.5111110
https://doi.org/10.1103/PhysRevLett.124.120603
https://doi.org/10.1073/pnas.1918386117
https://doi.org/10.1103/PhysRevE.101.062106
https://doi.org/10.1103/xgkj-dxzh
https://doi.org/10.1088/1751-8121/ac4ac0
https://doi.org/10.1103/PhysRevResearch.7.013307
https://doi.org/10.1038/nbt.1614
https://doi.org/10.1016/j.jtbi.2011.09.029
https://doi.org/10.1140/epjst/e2010-01290-3
https://doi.org/10.1103/PhysRevResearch.6.013275
https://doi.org/10.1103/PhysRevE.109.014109
https://doi.org/10.1103/PhysRevLett.126.010601

KOLCHINSKY, DECHANT, YOSHIMURA, AND ITO

PHYSICAL REVIEW RESEARCH 8, 023025 (2026)

[120] R. Hamazaki, Speed limits for macroscopic transitions,
PRX Quantum 3, 020319 (2022).

[121] A. Bérut, A. Arakelyan, A. Petrosyan, S. Ciliberto, R.
Dillenschneider, and E. Lutz, Experimental verification of
Landauer’s principle linking information and thermodynam-
ics, Nature (London) 483, 187 (2012).

[122] Y.-Z. Zhen, D. Egloff, K. Modi, and O. Dahlsten, Universal
bound on energy cost of bit reset in finite time, Phys. Rev.
Lett. 127, 190602 (2021).

[123] Y.-Z.Zhen, D. Egloft, K. Modi, and O. Dahlsten, Inverse linear
versus exponential scaling of work penalty in finite-time bit
reset, Phys. Rev. E 105, 044147 (2022).

[124] J. Gu, Speed limit, dissipation bound, and dissipation-time
trade-off in thermal relaxation processes, Phys. Rev. E 108,
L052103 (2023).

[125] J. O. Park, S. A. Rubin, Y.-F. Xu, D. Amador-Noguez, J.
Fan, T. Shlomi, and J. D. Rabinowitz, Metabolite concentra-
tions, fluxes and free energies imply efficient enzyme usage,
Nat. Chem. Biol. 12, 482 (2016).

[126] J. B. Russell and G. M. Cook, Energetics of bacterial growth:
Balance of anabolic and catabolic reactions, Microbiol. Rev.
59, 48 (1995).

[127] R. Heinrich, F. Montero, E. Klipp, T. G. Waddell, and E.
Meléndez-Hevia, Theoretical approaches to the evolutionary
optimization of glycolysis: Thermodynamic and kinetic con-
straints, Eur. J. Biochem. 243, 191 (1997).

[128] E. Meléndez-Hevia, T. G. Waddell, R. Heinrich, and F.
Montero, Theoretical approaches to the evolutionary optimiza-
tion of glycolysis: Chemical analysis, Eur. J. Biochem. 244,
527 (1997).

[129] M. Polettini and M. Esposito, Irreversible thermodynam-
ics of open chemical networks. I. Emergent cycles and
broken conservation laws, J. Chem. Phys. 141, 024117
(2014).

[130] M. Kaiser, R. L. Jack, and J. Zimmer, Canonical structure and
orthogonality of forces and currents in irreversible Markov
chains, J. Stat. Phys. 170, 1019 (2018).

[131] D. M. Renger, Gradient and GENERIC systems in the space
of fluxes, applied to reacting particle systems, Entropy 20, 596
(2018).

[132] D. R. M. Renger and J. Zimmer, Orthogonality of fluxes in
general nonlinear reaction networks, Discrete Contin. Dyn.
Syst. Ser. S 14, 205 (2021).

[133] R. 1. A. Patterson, D. R. M. Renger, and U. Sharma,
Variational structures beyond gradient flows: A macro-
scopic fluctuation-theory perspective, J. Stat. Phys. 191, 18
(2024).

[134] D. Mandal and C. Jarzynski, Analysis of slow transitions
between nonequilibrium steady states, J. Stat. Mech. (2016)
063204.

[135] L. Onsager, Reciprocal relations in irreversible processes. II.,
Phys. Rev. 38, 2265 (1931).

[136] L. Onsager and S. Machlup, Fluctuations and irreversible pro-
cesses, Phys. Rev. 91, 1505 (1953).

[137] A. Wachtel, R. Rao, and M. Esposito, Free-energy trans-
duction in chemical reaction networks: From enzymes to
metabolism, J. Chem. Phys. 157, 024109 (2022).

[138] P. Gagrani, N. Lauber, E. Smith, and C. Flamm, Thermody-
namic ranking of pathways in reaction networks, J. Stat. Mech.
(2025) 123208.

[139] K. Sugie, D. Loutchko, and T. J. Kobayashi, Transitions and
thermodynamics on species graphs of chemical reaction net-
works, Phys. Rev. E 112, 044112 (2025).

[140] A. Baradat and C. Léonard, Minimizing relative entropy of
path measures under marginal constraints, arXiv:2001.10920.

[141] O. Movilla Miangolarra, A. Eldesoukey, and T. T. Georgiou,
Inferring potential landscapes: A Schrodinger bridge approach
to maximum caliber, Phys. Rev. Res. 6, 033070 (2024).

[142] P. D. Dixit, J. Wagoner, C. Weistuch, S. Pressé, K. Ghosh,
and K. A. Dill, Perspective: Maximum caliber is a general
variational principle for dynamical systems, J. Chem. Phys.
148, 010901 (2018).

[143] K. Yoshimura and S. Ito, Two applications of stochastic ther-
modynamics to hydrodynamics, Phys. Rev. Res. 6, L022057
(2024).

[144] K. Yoshimura, Y. Maekawa, R. Nagayama, and S. Ito, Force-
current structure in Markovian open quantum systems and its
applications: Geometric housekeeping-excess decomposition
and thermodynamic trade-off relations, Phys. Rev. Res. 7,
013244 (2025).

[145] M. Malek-Mansour and G. Nicolis, A master equation descrip-
tion of local fluctuations, J. Stat. Phys. 13, 197 (1975).

[146] G. Nicolis and 1. Prigogine, Self-Organization in Nonequilib-
rium Systems: From Dissipative Structures to Order Through
Fluctuations, 1st ed. (Wiley, New York, 1977).

[147] J. Korbel and D. H. Wolpert, Stochastic thermodynamics and
fluctuation theorems for non-linear systems, New J. Phys. 23,
033049 (2021).

[148] T. D. Frank, Strongly nonlinear stochastic processes in physics
and the life sciences, Int. Scholarly Res. Not. 2013, 149169
(2013).

[149] A. E. Allahverdyan and A. Galstyan, Le Chatelier’s principle
in replicator dynamics, Phys. Rev. E 84, 041117 (2011).

[150] D. D. Patterson, S. A. Levin, C. Staver, and J. D. Touboul,
Probabilistic foundations of spatial mean-field models in ecol-
ogy and applications, SIAM J. Appl. Dyn. Syst. 19, 2682
(2020).

[151] S. Feng and X. Zheng, Solutions of a class of nonlinear master
equations, Stoch. Proc. Appl. 43, 65 (1992).

[152] V. N. Kolokoltsov, J. Li, and W. Yang, Mean field games and
nonlinear Markov processes, arXiv:1112.3744.

[153] R. E. Spinney and 1. J. Ford, Entropy production in full phase
space for continuous stochastic dynamics, Phys. Rev. E 85,
051113 (2012).

[154] R. E. Spinney and I. J. Ford, Nonequilibrium thermodynamics
of stochastic systems with odd and even variables, Phys. Rev.
Lett. 108, 170603 (2012).

[155] H. K. Lee, C. Kwon, and H. Park, Fluctuation theorems and
entropy production with odd-parity variables, Phys. Rev. Lett.
110, 050602 (2013).

[156] C. Gardiner, Handbook of Stochastic Methods: For Physics,
Chemistry and the Natural Sciences, 3rd ed. (Springer, Berlin,
2004).

[157] R. E. Spinney, The use of stochastic methods to explore the
thermal equilibrium distribution and define entropy production
out of equilibrium, Ph.D. thesis, UCL (University College
London, 2012).

[158] F. Liu and H. Lei, Splitting of the rate matrix as a definition
of time reversal in master equation systems, J. Phys. A: Math.
Theor. 45, 125004 (2012).

023025-30


https://doi.org/10.1103/PRXQuantum.3.020319
https://doi.org/10.1038/nature10872
https://doi.org/10.1103/PhysRevLett.127.190602
https://doi.org/10.1103/PhysRevE.105.044147
https://doi.org/10.1103/PhysRevE.108.L052103
https://doi.org/10.1038/nchembio.2077
https://doi.org/10.1128/mr.59.1.48-62.1995
https://doi.org/10.1111/j.1432-1033.1997.0191a.x
https://doi.org/10.1111/j.1432-1033.1997.t01-1-00527.x
https://doi.org/10.1063/1.4886396
https://doi.org/10.1007/s10955-018-1986-0
https://doi.org/10.3390/e20080596
https://doi.org/10.3934/dcdss.2020346
https://doi.org/10.1007/s10955-024-03233-8
https://doi.org/10.1088/1742-5468/2016/06/063204
https://doi.org/10.1103/PhysRev.38.2265
https://doi.org/10.1103/PhysRev.91.1505
https://doi.org/10.1063/5.0091035
https://doi.org/10.1088/1742-5468/ae22eb
https://doi.org/10.1103/p42m-8bqy
https://arxiv.org/abs/2001.10920
https://doi.org/10.1103/PhysRevResearch.6.033070
https://doi.org/10.1063/1.5012990
https://doi.org/10.1103/PhysRevResearch.6.L022057
https://doi.org/10.1103/PhysRevResearch.7.013244
https://doi.org/10.1007/BF01012838
https://doi.org/10.1088/1367-2630/abea46
https://doi.org/10.1155/2013/149169
https://doi.org/10.1103/PhysRevE.84.041117
https://doi.org/10.1137/19M1298329
https://doi.org/10.1016/0304-4149(92)90076-3
https://arxiv.org/abs/1112.3744
https://doi.org/10.1103/PhysRevE.85.051113
https://doi.org/10.1103/PhysRevLett.108.170603
https://doi.org/10.1103/PhysRevLett.110.050602
https://doi.org/10.1088/1751-8113/45/12/125004

GENERALIZED FREE ENERGY AND ...

PHYSICAL REVIEW RESEARCH 8, 023025 (2026)

[159] 1. J. Ford and R. E. Spinney, Entropy production from stochas-
tic dynamics in discrete full phase space, Phys. Rev. E 86,
021127 (2012).

[160] X. Li, E. Wu, E Qi, and D. A. Beard, A database of ther-
modynamic properties of the reactions of glycolysis, the
tricarboxylic acid cycle, and the pentose phosphate pathway,
Database 2011, bar005 (2011).

[161] H. L. Messiha, E. Kent, N. Malys, K. M. Carroll, N.
Swainston, P. Mendes, and K. Smallbone, Enzyme characteri-

sation and kinetic modelling of the pentose phosphate pathway
in yeast, Peer] PrePrints 2:e146v4.

[162] P. Raux, C. Goupil, and G. Verley, Thermodynamic cir-
cuits: Modeling chemical reaction networks with nonequi-
librium conductance matrices, Phys. Rev. E 112, 034112
(2025).

[163] H. Vroylandt, D. Lacoste, and G. Verley, Degree of coupling
and efficiency of energy converters far-from-equilibrium,
J. Stat. Mech. (2018) 023205.

023025-31


https://doi.org/10.1103/PhysRevE.86.021127
https://doi.org/10.7287/peerj.preprints.146v4
https://doi.org/10.1103/4rsy-786t
https://doi.org/10.1088/1742-5468/aaa8fe

